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Lecture 42: Scattering of X-Rays: The Laue Equations - I

So, let us consider a crystal of finite size where atoms are located only at the corners of
the unit cell, and we will consider each atom to be a point scatterer. So, we are now going
to look at the phenomenon of scattering from a crystal of finite size. Here, atoms are only

at the corners of a unit cell, and atoms are considered as point scatterers.

Though the phenomenon of scattering of X-rays from atoms occurs as a result of
electrons, and strictly speaking they are not point scatterers, for all practical purposes we
can carry out the analysis by assuming that they are point scatterers. So, if there is a point
scatterer, the incoming X-ray beam will get scattered in all directions in

three-dimensional space.

Now, we are considering a crystal of finite size. Let us say that there are N , atoms along
the a axis, N 5 atoms along the b axis, and N ; atoms along the c axis. So, the total number

of atoms is essentially N1 X N2 X N3.

Now, let us consider just two-point scatterers. Let us label one point scatterer as A and

another point scatterer as B, and remember that all of these point scatterers are at the

corners of the unit cell. Now, the vector E, let me call it the vector 7. Now, we have an
incoming X-ray beam of a specific wavelength, and the beam hits these two point

scatterers.

Let us take a particular scattering direction and consider a point far away, say point Q,
where we place the detector. Now, these two rays, call them ray 1 and ray 2, depending
on the path difference, could result in constructive interference or destructive

interference, and to find that out we need to calculate the path difference.



Let me call point A as the origin, and with respect to this origin we will do all the
calculations. The distance of point Q from the crystal is let us say R, and this R is much,
much greater than the magnitude of the small vector r, which essentially means that we
can assume that point Q is almost equidistant from all the point scatterers. Because R is
much larger than the size of the crystal, we can also assume that ray 1 and ray 2 are

parallel when they meet at point Q.

Now, what is the path difference? Let us call the path difference between ray 1 and ray 2
as 6. In order to find this, let us do a small construction. We drop a perpendicular from
point B onto ray 1, and another perpendicular from point A onto ray 2, and let us label

these points as C and D. So, the path difference 6 is nothing but AC — BD.
§ = AC — BD

Now, let me write down the equation for the incoming radiation. We will consider this as
a plane wave and write it in complex form. Let us consider ray 1 and write down the

wave at point @, and let me call this y x This corresponds to ray 1 at point Q.

Now, ray 2 would have travelled a different distance compared to ray 1, and hence I can
write the wave due to ray 2 by adding a phase difference. This phase difference is given
by 2—; times the path difference. So, & is the path difference, and 27“8 is the phase
difference.

When the path difference is an integral multiple of A, the phase difference is an integral

multiple of 2m, and the two waves are in phase. When the path difference is A/2, for

example, the waves are completely out of phase.
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Now, we have to find §. To do this, let us add a few more details to the diagram. Let us
say the incoming radiation direction is defined by a unit vector Sy and the scattered beam

direction 1s defined by another unit vector s. These represent the incident beam direction

and the scattered beam direction, respectively.

Now, let us write down the path difference. We already stated that 86 = AC — BD. The

segment AC can be written as the projection of the vector 7 onto the scattered beam

direction. Hence,

Similarly,

BD:r-s0

Therefore, the path difference can be written as
S=r(s—s O)

Now, let us define a new vector,

A A

S=S—SO,

which we call the scattering vector. Hence, the path difference becomes

§=r-5
Before proceeding further, let us spend some time understanding the scattering vector S.
Geometrically, if S, 1s the incident beam direction and s is the scattered beam direction,

then the scattering vector S is simply the vector difference of these two unit vectors. If we

A

bisect the angle between S, and s using an imaginary plane, then the scattering vector Sis

perpendicular to this imaginary plane.



From this construction, we can see that the incoming radiation makes an angle 8 with this
imaginary plane, and the scattered radiation also makes the same angle 6. This makes it
appear as if reflection is taking place from this imaginary plane, although physically no

reflection occurs.

AN AN

From this geometry, since s 0 and s are unit vectors, the magnitude of the scattering vector
1s

IS| = 2sind.
We will take note of this result and return to it later.

(Refer Slide Time: 14:04)

Scatltring Jrom o ﬂ*aﬂ"l 4 {wike 13 Plome, WVE -.r,.\;m— o comphex foam
~ atoms , ok Tha coYmers ey ] )
.: m_.. powt seafle iy 3. e'-"“‘ /,9'*" ;
- ahwms 0,.39 X R .1'3")
¥ Ny, 8 (=++5°)
~2 Iy (Reg®) Jo = = e Pens ik -
whae b Seolie
= o i g B Ay ane e inciduk bean B e diahn
alen b - arls
N, olms al 1 s [onit vectors) )

NJ atomy o\u\J_ <

e :-'F'. ¥ —v—
@ ) s = AC-8D "
R)7]fl "f.s

?/ Ly Sco-H‘f\'“}.
Z @ Gcomq}ﬁf_m‘. Tonder how [ Ve
7/ \ 4 il /3 Q %, .s— I I'_moa\'m _l_a' hp.mnb
Eqp—— R—> - -_;:(- gl .f
A(.l'"\aif-J c (0] ;t, \’s_\ . S~ 15\“9-
Pot}\, A‘ué.}u-v‘-/ 5 = AC- R )
/

Now, we want to find the resultant wave at point Q by adding all the scattered waves
coming from all the scattering centers in the crystal. The total number of scattering

centers is N 1N 2N 5 We take point A as the origin, and all scattering centers are defined

with respect to this origin by different vectors T



The resultant wave at point Q can be obtained by summing the contribution from all

scattering centers. Thus, the resultant wave can be written as a summation over all r

vectors:
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Here, d)o /R and e'”" can be taken outside the summation, giving

L2 o

Now, what is the vector 7 Since scattering centers are only at the corners of the unit cell,

r 1s a lattice translation vector. Hence,

; = ua + vE + WE,
where c_z, Z, and ¢ are the unit cell vectors. The integer u varies from 0 to N LT 1, v

varies from 0 to N , 1, and w varies from 0 to N3 - 1.

Therefore, the summation can be written as three separate summations:
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This is a geometric series. For a geometric series with first term ¢ 0= 1 and common

L 2m S
lTS'a

ratio f = e , For geometric series of n terms,

G

2
tttf +tf + .+ tf -



So, the summation of N | terms is,

Let us define
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Similarly, defining
L|12=%§-E, ¢3=%§'C'

the other two summations can be written as



L imsh g M

Z e - 2y,

v=0 1-e

Lo muse g
e =T oy,

v=0 1-e

Thus, we have derived an expression for the resultant wave at point Q by summing the
contributions from all scattering centers in the finite crystal. In the next lecture, we will

determine the intensity of this wave at point Q.
Thank you.
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