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Welcome to Scientific Computing Using Python. So today we will do the fix point method
which we started with, and we will discuss the bisection method and discuss its Python code.
Let's start. We have done it till here that how can we find the interval in which the root will
lie. Now we do not know what the root will be and which function is the fix point function
g(x). How can we define it, such that, the condition which was the sufficient condition is
satisfied. So, we have explained how this convergence happens and from here we came to
know that if the derivative of g(x) comes to less than one, then it will converge.

What are the advantages of fixed-point method? The best advantage of the fix point method
is that it is very simple to implement. So, the method requires a single iterative formula. It is
easy to program and compute. It can be flexible. It can be applied to a wide variety of
problems, provided this can be written in this form. So, this is our condition that it should be
written in this form, and there is no derivative anywhere in it. Whatever method we do, if we
do Newton method next, then the derivative is involved in it, but no derivative is taken in it.

So, what is the disadvantage of this? Slow convergence. It will converge if that condition is
satisfied, but it will do it very slowly. So, the method which converges linearly can make it
slow for some problems and it depends on g(x). We have already seen that not all the
transformations lead to the convergence. Care must be taken to construct an appropriate one,
okay? And the lack of guarantee of convergence is that if |g’(x)| > 1, then the method may or
may not converge, okay? So, the choice of g(x) is significant in this case, okay?
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Advantages of the Fixed-Point Method:-

@ Simple Implementation: The method requires a single iterative
formula, making it easy to program and compute.
Flexibility: It can be applied to a wide variety of problems,
provided f(x)=0 can be rewritten in the formﬁgm‘
No Derivatives Required: Unlike Newton's method, the fixed-
point method does not require the computation of derivatives.

Disadvantages of the Fixed-Point Method:-

=> Slow Convergence: The method converges linearly, which can
make it slow for some problems.

—? Dependence on g(x): Not all transformations x=g(x) lead to
convergence. Care must be taken to construct an appropriate
g(x).

2 Lack of Guaranteed Convergence: If |g'(x)| 2 1, the method may
diverge, and the choice o,an significantly affect the
result.
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So, we have this fixed point, which we can discuss. So, after this, we will discuss another
method, and that is bisection method. After that, we will discuss its Python code. So,



bisection method, which mean in this case, we will define and keep on bisecting. So, let's
start it.

So, what do we have to do in bisection? What do we have to do in bisection? As it is
showing, so now the first thing we have to do is to check where the root will lie. So, the
intermediate value theorem is showing, which we had found out earlier. The intermediate
value, the value of the function, which is a, and b. So here the root will come somewhere. So,
what are we doing in bisection method? That we are bisecting the interval.
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So how is this method working? As we said, it will work for both algebraic equations and
transcendental equations. So, this is also a numerical technique to find out the root of the
continuous function f(x) = 0, and what is its foundation? Depends completely on the IVT—
initial value theorem. Initial value theorem, we had told in the previous lecture what happens.
So, if the function is continuous, then we will definitely get some root or the other. If these
conditions f(a) and f(b) are of opposite signs, then we will definitely get the root in this case.
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Algebraic/Transcendental functions

* The Bisection Method is or finding the root
of a continuous function f(x) withina giverinterval [a,b].

* Foundation:
The method relies on the Intermediate Value Theorem (IVT), which
states that if f(x) is continuous on [a,b] and f(a)-f(b)<0, then there
is at least one root in the interval [a,b].
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So, what is the procedure in this bisection? Its name is also bisect—half-half we keep on
doing. Now see, if this is an interval, so what do we have to do in this? First of all, we need
two guesses in it, okay? So, two guesses are required. So, we start from x0 and x1. So,



suppose we have assumed x0 and this we have assumed x1. So, what will you do now? We
have come to know from this that the product of f(x0) and f(x1) is negative. It means both are
of opposite signs, and if they are of opposite signs, then by the initial value theorem, it will
pass from here—it will be cut from the x-axis.

So, what did we do? We took the mean of both x1 and x0, and from there we got a new value.
We named it suppose—we named it x2. So, this is the mean of this. We bisected it. Now you
see, | bisected it, I got a new approximate value. Now the value of the function is this, and the
other function is this. So, what will we do now? In this case, we got to know from here that in
this case f(x2) is negative. So, what will we do? We will keep f(x1), we will keep f(x2), and
since it is of opposite sign, so this means we will discard x0. So, what did we do? We discard
x0 and filled x2 in its place.

So now we got a new value. So, this value came. After that, we took both this and this. Now
after that, we bisected it. It came here. Now see, as soon as it came here, the values came
here. So now what do we have to do? This x1 was in place of this. This x1 became our new
one. Then after that, we will bisect both of them. So, by doing this a little bit, ultimately we
will reach here and we will get our root.

So, what are the steps in this? It divide the interval into two halves by calculating the
midpoint. So, we took the midpoint of both. Then we checked the sign to see if it has become
the root—we have got it, okay. Then we will put the value of f(c). If f(c) comes zero, then it
will be considered as the root. Otherwise, we will check its sign. So, we checked that if f(a)
and f(c) are of opposite sign, then what does it mean? Our b becomes c. Or if it does not
happen, then a becomes c, okay?

So out of the two, our starting was a and b. So, from there one came and we got c. So now
what is happening is either b will become c or a will become ¢ depending upon whether their
values are positive or negative, and we will repeat this process. We will keep doing this for
how long? We will keep doing it till our error; the iterative error becomes less than the
tolerance. Or we can say that we will keep doing it till the values that we are getting here,
[f(xn)|, are less than the tolerance or go towards zero. Less tolerance means almost zero. So,
we will assume that whatever values we have, we have got the root.
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Now the convergence of bisection method is linear. So, what do we do in this? We define the
convergence. So how do we define the convergence? So here I write order of convergence.
By the way, this is a separate topic, and I will define that too. So, what does order of
convergence mean? What did we do? We have iterative method, from there we are getting
approximate values.

So, what do we do? We saw the error in some step n+1 and we got some constant multiple of
the previous step. Okay, so what does it mean that we saw at any step and then saw at the
next step that the error is coming after multiplying by one ¢, so what did we do, and we saw
that el is some ¢ €0 is coming, okay, e0 was suppose this was alpha which is our real root
minus the initial gas that we gave, then that e0 came, then we got el, then I saw that el into c,
then it came e2, okay, so this is happening every time, so from here if this is happening, then
we will say that its order, which is the order of convergence is linear and what will happen in
reality, if we say that the order of convergence is p, then if this is happening to the some
power p, if this is happening and c is a constant, okay it is independent of e, then we will say
in this case that the order of convergence is p, okay, so if whatever power is coming is like
one, then we will say that its order of convergence is one, similarly we have fixed point I had
seen what is happening in the fix point, if you see the errors there, I had done it, you must
have checked it here, it came, right?

So if I say this, then what does it mean, what is the power here, p=1, so what does it mean,
this will also give linear convergence, it means the fix point method will also give us linear
convergence and the bisection method will also converge linearly, so the bisection method is
linear convergence meaning the error is reduced by approximately half with each iteration, so
what is happening in this case, our ¢ is getting halved again and again, so whatever error we
found at any step, then after that the next step, it got halved, why because the width is getting
reduced, earlier the error was somewhere in the middle of it, so there was an error at the root,
next time we halved it, it became half, so the radius of the error got reduced and became half,
right?

So, what happens when it is reduced to half is that its range is reduced to half so if we keep
reducing it again and again then our error will keep getting halved so our method will remain
the same in this way only the value of ¢ will get halved in this way.
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What is its advantage and disadvantage. So, the advantage is that it is simple to implement
and reliable. In that we had to find g(x) in the fixed point, now we don't have to find g, even
in this and convergence is also guaranteed as long as it is satisfied. What is the disadvantage?
It is the disadvantage that this method converges slowly and it is linear convergent. The
convergence in it is coming linear, so linear means that our convergence will come the error
will keep getting reduced and require the roots to be bracket. We also call it bracket method,
so we have the roots. And we first have to check where it is. So, we have to find this interval
only then we will get to know that the root lies within it. So, we require the root to be
bracketed. This is its disadvantage.
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Advantages/Disadvantages

/Advantages:
* Simple to implement and reliable.

* Guaranteed to converge if f(a)-f(b) < O.

\/Disadvantages:

» Slower convergence (Linear) compared to methods like Newton-
Raphson or Secant.

~Requires the root to be bracketed.
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Now I had defined the order of convergence like this. So, now we have the definition of
order of convergence. It iterates the method numerically — how quickly the sequence of
approximants approaches the solution and the root. So, now we will do the iteration slowly,
and we are reaching the roots comfortably. That is, we are reaching linearly.

So, if we are reaching fast, then we will say that its order of convergence is fast, and if we are
doing it slowly, then we will say that its order of convergence is low. So, now we have to
reach a point. Suppose here we have a point where we have to reach. So, if we are going
slowly here and now we are going by running, then there is a difference between the two. In
this, we will say that there is fast convergence in it, and in this, we will say that there is slow
convergence as compared to the other one.

So, from here we have this formula. This r is the root of this formula. So, on every iteration,
we will see how much error is occurring between them. So, if the error follows this, then we
will say that the rate of convergence is the order of convergence. It is also called the rate of
convergence. So, if [ write it like this, then it can also be called the rate of convergence. We
will say c is a positive constant and p is the order of convergence.
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generated by the method approaches the actual solution or root.
Itis defined as follows:

\;Definition: Given a sequence of approximations {x,} converging to
arootr, the order of convergence p is the largest value such that:
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So, what do we have in the order of convergence? If we say that there is linear convergence,
then what does it mean? The value of p is one. Okay, so in this, the value of p, as I told you,
is in the fixed-point method, bisection method — both of these methods are converging
linearly.

Now we have a quadratic method. What is happening in this is that the value of e,«1 = ¢ x
(en)? is coming. What does it mean? When we square the error at n steps, it will be smaller
because errors are very small. It is not the case that the error will be two, three, or four. No,
that is not possible. The errors are very small.

So, if we have a root — suppose someone's root is 5 — and we started by taking the initial
root, I started from 50, so the error between the two is 45. So, this will not work. So, the
initial value that we have to give is very important. So, what we do is we go closer and find
an interval, which we call the interval of interest, where the root can lic. We do not know
what the actual root is in that interval, but we get to know that it will lie somewhere here.

So, after that, we choose a value. We call it x0. So, you see, the value of 5 minus x0 will be
the quantity. It will be very small. Okay, so let's assume that it is a small quantity and less
than one. If we square it, it will become smaller. Next time, we will get a smaller error. Then
we square it, and then we will get a smaller error. So, ultimately, it will converge very fast.
So, we call it quadratic convergence.

Super linear convergence happens when it is between one and two, faster than linear but
slower than quadratic. So, the value of p will be greater than one and less than two. So, we
will say it is super linear. So, this method that we have is the secant method. It gives super
linear convergence. So, we will discuss that later.
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Now we need an algorithm as to how we will do it in Python. So, what about the bisection
method? We will have to define a function. First of all, we will have to define an interval in
which the root can lie, and the tolerance will have to be defined. So, that's what we will do.
Let us ensure that the multiplication of both of them will be less than zero, which means they
will be of different signs. After that, we will apply a while loop, so that is (b — a)/2 >
tolerance, only then it will be satisfied and enter inside. From there, we will take the mean. If
we get this, then we will say, "Okay, we found the c," then we will return it. Otherwise, what
will we do? We will calculate the product of both and show that if this is so, then b = c, if not,
then a = ¢, and we will return c. This while loop will continue until we get a solution until we
return here.
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Algorithm in Pseudocode

Anput: Function f(x), interval [a, b], tolerance tol
* Ensure: f(a) * f(b) <0

ec=(a+h)/2
* if f(c) == 0:
# Root found

e eliff(a) *f(c)<0: b=c
celse: a=c —

X ereturnc

EL

e

So, with the help of this algorithm, we will write the Python code. So, I have given an
example. We can do any example, like for an example, I can do x* - x - 1 =0, which we just
discussed. So, here we have taken this example. I have taken the second example — I can
take x* - 2x - 8 = 0. From here, we got to know that the root lies somewhere between one and
two. Okay, in this we can see where the root lies.

So, I will do the same thing. If I put f(1) and see, if I put, say, zero, then the result is coming
out negative. Okay, if I put a zero, then the result -8 is coming out. If I put f(1), then how
much will it come out 1-2- 8, this also comes out negative. If I put f(2), then 8 - 4 - §, so this



also comes out negative. If I put f(3), then 27 - 6 - 8 = 13, which is positive. So, it means the
root lies somewhere here. So, in this case, our root lies in this interval [2,3], in which we have
to take the initial guess, and from here.

I can take a third example: x3 — cosx = 0 . Now, we don't know how to solve this. What can
be the root, but our function in this case is f(x)= x> — cosx. Okay, so now if we take this as
zero, then it will be 0—cos(0)=0-1, then it will be negative. Okay?

After this, Suppose I will take one, so 1- cos(1). Now we know that whatever its value will
be, cos will lie between zero and one. So, it will always be positive. This means from here we
can say that the root will lie between zero and one. And this our function, is an even function.
Okay? So, it means minus of that root can also exist. It can have two roots: positive and
negative both. Okay?

So, from here we will get roots. So, we can do this example and can find out which root will
come here. With the help of this, we can find out which root we have to find out. Okay? So,
by applying this condition, we can find it out. We came to know how we have to choose g(x)
in this case. Also, we came to know in this case. Also, we can find out how to choose g(x).

So, in the same way, we have to choose g(x). If we want to do it from a fixed point, then we
have to put x=g(x) in the value, and from there we have to find out g(x). So, we can solve
both these problems with the help of Python. So now, let us see how we will use the Python
code.

(Refer slide time: 23:16)
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So, this is our Python, and I will open the file named “FixedPointMethod.” I clicked on it, I
took it, and opened it. From here, I came to the desktop, and we clicked on it from here and
opened it.

So, fixed-point iteration—this is the Python code that we have written. So, we will study it
line by line as to how we can study it. Because now it is not like we will write it one by one,
because now we have come to know how Python works—how we can write its commands.

(Refer slide time: 24:39)
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import numpy as np
import matplotlib.pyplot as plt

def fixed_point_iteration(g, x@, tol=le-6, max_iter=100):

S0
AN \g error = abs(x_next - x)
i* error_table.append((i + 1, x_next, error))

So, what do we have to do in this? I named it "Fixed Point Method." So, we have to use
fixed-point iteration. So, what will we do in this first of all? If we have to do all the
calculations and find out, then we will use NumPy, and if we have to plot, then we will do it
by matplotlib.

Then, what did I do here? I defined a function whose name I have written as

fixed point _iteration(). I will send g(x) inside it, which we know is the function we need. x is
the initial guess, and the tolerance we need—so what can we do with the tolerance here? I can
define it as 0.5 * 10"-6. Okay? So, it means 10”-6, or I can also write it like this: 0.5e-6. And

the maximum iteration—I took 100 because we have to see how many iterations we need. So,
we thought let's take 100. We took it like this.

After that, we defined the function. These are comments. These are for us, or if someone
reads this, then they should know what the purpose of this code is. So, I have done it here.

I have defined the parameters of g and the function representing the iteration. x0 will be
floating—initial guess. Tolerance is also floating, and maximum iteration will be an integer.
We have that. What will be its value? So, we have also told its type. And what should it
return? It should give us a root in return. Okay?

And after that, I also found out the errors in it, how much error is there in each step. Now, I
took an initial guess x, error_table, I don’t know how many elements will be there in it. So, |
left it open and made a table.

Now, what did I do? I put a for loop: for i in range(max _iter). So, we will go to the first
iteration. So, I wrote x_next = g(x) okay? So, this x_next on the left will give the new x when
we put the old x here.

Then, how to do it? What will be the error? abs(x_next - x). So, we already know—it will tell
the absolute error. Okay? And this error will be saved here, error_table.append((i+1, x_next,

error)). In this, the iteration, the value of x, and the error—all three will be stored in the table.
So, if the error is less than the tolerance, then it will return. It will stop, and then it will return.

Otherwise, what will it do? It will go to the next point. x = x_next, and this is how we will
keep finding out in the for loop. It will keep going. And at run time, we will get to know:
“Maximum iteration exceeded without convergence.” If it does not converge, then we will
get to know, and a message will come that it has exceeded.
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def

x8_example = 0.5

# So using fixed-point iteratior

root, error_table = fixed_point_iteration(g_example, x@_example)
# Print the results

print("Iteration\tApproximation\tError”)

for row in error_table:
print(f"(row[8] \t\t{row[1]:.6F\t\t{row[2]:,6e}")

print(f"\nRoot: {root}")
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_Fiterations = [row[@] for row in error_table]

Now, our job is to define the g(x). We know how to define it. So, we can define g(x). So,
suppose we have taken the equation: x=cos(x). I have taken g(x)=cos(x). So, it means that
what we are defining here is—I can write it here that we are solving x=cos(x). This is our
function: x—cos(x)=0.

So, I have made it in the form of fixed-point iteration. So, we took cos(x), and then it is g(x)=
cos(x), and we know that if we take the derivative of cos(x), then it is -sin(x), which is less
than one in magnitude. So, it means that this g(x) function will satisfy our sufficient condition
of convergence in the fixed-point method.

So, what have we defined? We define the function:
def' g _example(x):
return np.cos(x)

We have defined it. Okay? So, what are we doing here? We will input x, and in return, we
will get cos(x) because we have to calculate it every time at every value.

Now, we took the initial guess we took 0.5. Why? Because x—cos(x), so the value of x on 0,
we know that it is negative, and its value on one is positive. So, the root will lie between zero
and one, and we have just written—I had found out that its root will lie between zero and one.
So here we can write in the initial guess. Why did I do this? Because the root lies somewhere
between zero and one. Okay?

So now I have solved using fixed-point iteration. Now what will we do? We have to call this
function that we had defined. So, what did we do here? We took the initial guess, and from
here, we called it. I sent the g example, and sent the x0 example. Okay?

And from here, whatever value we get, it will return the root and the error table that we had
done—it is returning the root and the error table. From here, we get this value. Then, we will
keep printing. We will keep printing in print—the iteration, approximations. And we print the
rows in the error table.

So, this is one way of printing that how can we print it so that we can see it clearly. Okay,
row zero — first element, row one — second element, row two — third element, because we



were writing only three elements in it, this one, then this one. So, we will have three columns
in it basically. Okay, and we will print it.
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root, error_table = fixed_point_iteration(g_example, x0_example)
# Print the results
print("Iteration\tApproximation\tError")
for row in error_table:
print(f"{row[8]}\t\t{row[1]:.6F}\t\t{row(2]:.6e}")

print(f"\nRoot: {root}")

# Plot con

iterations =
errors = [row

row(8] for row in error_table
or row in error_table

plt.figure(figsize=(8, 5))|

pltsemilagyjiterations, errors, marker='o', linestyle='-', color='b', label=Error')
plt.title("Convergence of Fixed-Point Iteration”, fontsize=14)
plt.xlabel("Iteration”, fontsize=12)

plt.ylabel("Error (Log Scale)", fontsize=12)

| p1t.grid(True, which="both", linestyle='--', linewidth=0.5)
plt.legend(fontsize=12)
plt. shou()
7= Iteration Approximation Error
§Fy 0.877583 3.775826e-01
E\% 0.639012 2.385701e-01
' 0.802685 1.636726e-01
v ——— A_RAA77R 1.a79a71a-a1

After that, the root. Now what we have to do is that the iteration will keep coming in the
roots, errors will also keep coming. After that, we will calculate everything and finally we
will plot it. So, we have defined a plot: plt.figure and given its size 8 and 5. Okay.

Iteration semilog — so we have defined these: iteration, errors and markers, which we had just
defined today. That means we had defined the style, which has to be given like this: keep the
color ‘b’ (blue), the label is the error like this. [ have given it a title. What do we get from
here? It will give this title. The name of this title is "Convergence of Fixed Point Iteration",
and we have given its font size 14.

At the x-label, we have given "Iterations", and at the y-label, I have given "Error (Log
Scale)", because basically we keep the log scale since the error will be 10 to the power of
something (minus something). So, if we take log, then basically its powers will appear in
front of it: -1, -2, -3. In this way, we can take the log value.

Then we have turned on the grid. So, we will get a grid. We will apply legend. Legend is a
curve, which is a legend. And then we will show this plot.

So, we have followed all this procedure. Now what will we do? We will run it and see what
answer we got after running it.
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plt.legend(fontsize=12)
plt.show()

Iteration Approximation  Error
1 £.877583 3.775826e-01
2 639912 2.3857@1e-01
3 ©.802685 1.636726e-01
4 ©8.694778 1.079071e-01
5 ©.768196 7.341780e-62
6 ©.719165 4.90303%e-02
7 ©.752356 3.319031e-02
8 ©.730081 2.2274706e-02
9 2.745120 1.503928e-02
10 ©.735006 1.011403¢-62
1 0.741827 6.820214e-03
12 .737236 4.590797e-03
13 ©.740330 3.093926e-03
14 ©.738246 2.083414e-03
15 ©.73965@ 1.403724e-03
16 0.738705 9.454234e-04
17 ©.739341 6.369125e-04
18 ©.738912 4.290029¢-04
19 0.739201 2.889948e-04
2 ©.739007 1.946644e-04
SSS21 ©.739138 1.311318e-04
$'§% ©.739050 8.833017e-05
§\. iy ©.739109 5.9580832-05
4 ©.739069 4.008022e-05

So, as soon as I ran it, we saw that the first iteration came, We got the approximate root and
error.

So first see, first approximate error: 3.77 x 10"-1. Now see, this error that has come is not in
the normalized form. It is in the scientific form because we had shown in the scientific form
that if the value of p is that comes in between 1 and 10, then the values are called scientific. If
they come between 0.1 and 1, then it is called normalization.

So, the errors coming in this are in scientific form. Then we took the next iteration, and our
approximation improved, and it became 0.63, and the error reduced a little. Then we went to
the next iteration, and the error reduced further. Okay. Then when we went to the next
iteration, the error reduced further. So, it means the error is reducing again and again.
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13 ©.740330 3.093926e-03
14 ©.738246 2.083414e-03
15 ©.739650 1.403724e-03
16 ©.738705 9.454234e-04
17 ©.739341 6.369129e-04
18 0.738912 4.29002%¢-04
19 0.739201 2.889948e-04
20 0.739007 1.946644e-04
21 0.739138 1.311310e-04
22 ©.739050 8.833017e-05
23 0.739109 5.950083e-05
24 0.739069 4.008022e-05
25 ©.739096 2.699863e-05
26 0.739078 1.818655e-085
27 0.7200% 1.225070e-05
28 ©.739082 8.252210e-06
29 ©.739087 5.558793e-06
3e ©.739084 3.744468e-06
31 ©.739086 2.522319e-06
32 ©.739084 1.699064e-06
33 ©.739086 1.144510e-06
34 ©.739085 7.709558e-07
35 ©.739085 5.193252e-07
36 ©.739085 3.498237e-07

&

& % 1 ©.7390849924146443

§\‘ }‘" Convergence of Fixed-Point Iteration

—ay . .

Now it has become 10"-2. Here, if you see, in the fifth iteration our error got reduced and
became this. Now like this, our iteration continued and we saw that after 36 iterations or 20
or 22 iterations, see, almost the same was coming, and in the last, [ saw that after 36
iterations—now you see the 34th iteration, 35th iteration, 36th iteration—see, the same error
is happening.



So, the error that we have is here. So, what happened? The error has come to e”-7. So, what
will we do with it now? From this error, we got to know that it is converging. So, this method
is converging, and its root is close to 0.73.

Now what I did was we plotted it. So, we can see the error from the plot also. So, as I saw the
error from the plot, it has come to us—see—it is linear, isn't it? It is linear convergence. So,
see what is happening: the error is happening on the log scale. The value is coming written as
-3,-4,-5,-6..
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And this is the iteration. You see, we started from the first iteration, so our error was this. It
got reduced and reached here. On the 36th, the error came to 3.4 x 10”-7. So, what does it
mean? That it has given us the convergence. Okay. So, from here, we got the convergence.
So, this is our method. This code has worked.

So, in this way we can solve it. I can write sinx in place of cosx. So, I gave the values
suppose I define it. Where is this? [ will not do this as 2 because this can increase the
quantity. So, I write, suppose, sin here.

So, what did I do? Let's try to plot x -sin(x) . Let's see what happens. But x= sin(x), If you
see, both the values will merge at zero only, because what will happen at x = 0? Both the
values will be g(0) — 0 that is 0. So, zero will become its root. So, what does it mean? That in
this, we have to take that iteration.

We can take the guess from -0.3. So, what do I do here? I take it 0.3. Let's try to take it.
Okay. Now let's see what happens. And I took the sine. Then an error came. So, what
happened in this? The maximum iterations exceeded without convergence, so its not
converging in this because we know that the root of sine is zero. So, in this case, our value
will exceed, then from here we will know that the convergence could not happen because the
maximum iteration that I have kept 100.

It is possible that I close its values a little more or take it in minus—say, -0.2. Now let's see
what will happen. Then the maximum iteration has come. Okay, so this maximum iteration
has exceed the runtime. Now it is possible that by working in it, it is happening in 200
iterations. If we check it, it has come more than 200 iterations. So, it depends on how we are
behaving with it.
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plt.semilogy(iterations, errors, marker='o", linestyle="-', COlor='b', label="EFror’)
plt.title("Convergence of Fix
plt.xlabel("Iteration"”, fontsize=12)
plt.ylabel("Error (Log Scale)”, fontsize=12)

plt.grid(True, which="both", linestyle='--', linewidth=8.5)
plt.legend(fontsize=12)

oint Iteration”, fontsize=14)

plt.show()

Iteration Approximation  Error

1 -@fee000e 6.0000002+00
Root: -8.0

C:\Users\Dell\anaconda3\Lib\site-packages\IPython\core\pylabtools.py:170: UserWarning: Data has no positive values, and therefore cannot be log-scaled.
fig.canvas.print_figure(bytes_io, **kw)

Convergence of Fixed-Point Iteration

10! —e— Error

If I take it as zero, then it becomes zero because we know that its solution was zero. So, it
happened in one go. So, what happened in this? We gave it its root. So, from here, we got the
value. So, it depends on what our function does. This is how we are behaving—we are taking
the sine, and we are taking the cosine, and what are we taking? So, we can define such
functions.

Now what I do is I open it and do the bisection. So, what have I done in the bisection? We
have taken this function: x*3 - x - 2. So, we have taken this value because in this, we do not
have to define any g(x). In the fixed point, we still had to define it. But in this, we do not
have to define any g(x).
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| - Bisection Method ‘

import n s np I
import matplotlib.pyplot as plt
import pandas as pd

def bisection_method(func, a, b, tol):
if func(a) * func(b) >= e:

raise ValueError("The fi n must have opposite signs at a and b.")

errors =
iterations =

while (b - a) / 2 > tol:
c=(a+b) /2
error = abs(b - a) / 2
errors.append(error) # Calculate and store error
iterations.append((a, b, ¢, func(c), error)) # Store iteration details

if func(c) == o:

break
S elif func(a) * func(c) < @:
Fofs
.%.\ b=¢
i else:
a=c
WETEL

So how can we do the bisection method? And this is it. So, what do we have to do in the
bisection? We have to calculate the same error, plot it, and make an error table. So, what did
we do in it? We imported NumPy, Matplotlib, and Pandas. Pandas is also a library that is
useful for us related to data. So, we defined it.

And what did we do? We gave a name to the function: bisection method. And here I have
defined this. Now what do we have to do for both of them? We have to check the values. If it



is positive, then what should we do? The function must have opposite signs. If it is not, then
let’s make an error table. Let’s make an iteration table. And then apply this while loop.

If (b — a)/2 is greater than the tolerance, then it will go inside this, because it will be true.

Then we will get c. And as soon as we find c, we will find out the error. And after that, we
will save it and append it in error and in iteration. So, we will save the value of a, b, ¢, the
value of function and error of the function, and we will store it here. So, if ¢ is its root, then
break, and we will get the solution. We will come out of this if loop. Okay, we will come out
of the while loop. Otherwise, we will calculate and convert b to ¢ or we will convert a to c.
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root = (a+b) /2

table
= pd.DataFrame(iterations, columns=["a", "b", "c*, "f(c)", “Error"])
pri ror Table:")

print(error_table)

# o he function and the root for Bisection

X = np.linspace(e, 2, 500)

y = f(x) T

plt.figure(figsize=(8, 6))

plt.plot(x, y, label='f(x) = x*3 - x - 2', color="blue')

| p1t.axhline(, color='black', linewidth=6.8, linestyle='--')

S TSiplt.scatter(root, F(root), colors'red’, label=f'Root: x = (root:.6F}')
S%g:, Bt.tit]e( 'Bisection Method')

i\.‘; J @t.xlabel('--x--')

=1t ylabel (' --F(x)--")

Okay, so now we have written its root like this. And from here, we have returned root, errors,
and iteration.

Now see, in this, [ have defined a function. Okay, so this function is lambda x, so we have
defined it as X3 - x - 2. So now if you look at this, x is negative on 0, it is negative on 1, it
becomes positive on 2. So, its root will lie between 1 and 2. So, I called the bisection method.
In it, I gave the initial values—a was given 1, and b was given 2, and passed the f function. I
called it and printed its root.

So now what will it do? It will keep calling like this and will keep iterating again and again,
and its values will keep getting saved in our error table. So, the values are getting saved
inside the error table. And after that, what will we have? Our error table is created here, and
we printed it and printed the error table which came.

Okay, so now what do we have to do? We have to plot it also. So, we plotted the function.
The linspace, which is it, creates a mesh between 0 to 2 with 500 points. Okay, and then we
have defined the function y= f(x). Now what will we do? We will plot it.
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pramey wers —
pr Jnt(error table)

# Plot the function and the
x = np.linspace(8, 2, 500)
y = f(x)

plt.figure(figsize=(8, 6))

Plt-jiot(X. y, label='f(x) = x"3 - x - 2', color='blue')
plt.axhline(8, color='black', linewidth=8.8, linestyle='--'
plt.scatter(root, f(root), color='red', label=f'Root: x = {root:.6f}"
plt.title('Bisection Method')

plt.xlabel('--x--')

plt.ylabel('--f(x)--')

plt.legend()

plt.grid(True)

plt.show()

# Plot Error Convergence for Bisection

plt. fxgure(fzgszze (s s))

plt.plot(range(1, len(errors) + 1), errors, marker='o', color='orange')
plt.title('Error Convergence in Bisection Method')
plt.xlabel( ' Iteration')

plt.ylabel('Error')

So, in plotting, we have the same plt.figure(). Okay, I have defined this function here. I have
defined its x line. We can do scatter, we can make scatter in it. I have written "Bisection
Method", I have written xlabel, I have written ylabel, I have written legend, I have turned on
grid and shown it. Okay.

So, these things we ran. Now I have given the values a and b, 1 and 2, and I have run it. So,
as we run, we get this value. And the root is—we know that it will come between 1 and 2. So
the root that has come from here is this. This is the root: 1.521378... This root has come to us.
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plt.show()
The root is: 1.5213804244995117

g

ror Table:

a b ¢ f(c) Error
e 1.000000 2.000000 1.500002 -©.125000 ©.500000
1 1.500000 2.000000 1.750008 1.609375 ©.250000
2 1.500000 1.750000 1.62500@ ©.666016 ©.125000
3 1.500000 1.625000 1.5625€@ ©.252197 0.062500
4 1.500000 1.562500 1.53125¢ ©.059113 0.03125@
5 1.500000 1.531250 1.515625 -0.834054 ©.815625
6 1.515625 1.531250 1.523438 ©.01225¢ 0.007812
2 1.515625 1.523438 1.519531 -0.010971 ©.003906
8 1.519531 1.523438 1.521484 ©.000622 0.001953
9 1.519531 1.521484 1.520508 -0.085179 ©.000977
10 1.520508 1.521484 1.520996 -0.002279 ©.000488
11 1.520996 1.521484 1.521240 -2.000829 ©0.000244
12 1.521240 1.521484 1.521362 -0.000103 ©.000122
13 1.521362 1.521484 1.521423 ©.600259 ©.000061
14 1.521362 1.521423 1.521393 ©.000078 ©.000031
15 1.521362 1.521393 1.521378 -0.000013 ©.000015
16 1.521378 1.521393 1.521385 ©.000033 0.000008
1.521378 1.521385 1.521381 ©.000010 0.000084
1.521378 1.521381 1.521379 -0.600601 ©.000802

% Bisection Method
i\ — (%) = X23 - x -2

o /]

Okay, so if I do this—see, first I gave a as 1, then b as 2. Now what will be the mean of these
two? 1.5. So, this came. I saw that fc is negative and fa was also negative at 1, and it is also
negative at 1.5. It means that the value of a will replace c, ¢ will replace a.

So, what does it mean? Now what will our a become 1.5? It was 1.5, b is 2 only. Then we
took the mean, and it came out to be 1.75. So as soon as 1.75 came, we checked, and we got a
positive value. So, it means that b will replace it. So, look, here b replaced 1.75. My a
remained the same. So, from here, again c came, then it came out to be positive, then I
replaced b, then again replaced b. Now as soon as a negative came here, what does it mean?
That now we will replace a. So, I replaced a.



So, we kept going like this, and we saw that the errors that we had in the end became this. So,
it means that till the fourth or fifth digit, the solution will be exactly the same. There will be
no error. There is an error of 2 on the sixth digit, right? The difference here will be the
difference of 2. So, we can see from here that our value of a is 1.521378, and the value of the
second one is 1.521381. So, see, here if we take the difference of both, we will get 10°-6,
right?

So, we kept doing this error like this because the error we had given was 10"-6, right? So we
had to see till six digits. So, till five digits, it will give us the correct values—same, right?
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18 1.521378 1.521381 1.521379 -0.000001 ©.000002

Bisection Method

44— f(x) =x"3-x-2
® Root: x = 1.521380

So, we plotted it from here. Now we plotted it through bisection. So, this was our function,
and this is x. So, we will see that if we plot this function, then our root came, and the value of
the root is around 1.5. So, our value came out to be 1.521378, okay?

And the convergence given to us keeps reducing like this. See, the error is getting reduced
with iteration. Okay, so what is happening in this? The error is coming absolutely linear. Now
as we had seen in the fixed point, it was coming absolutely linear. In this, we are not getting
linear. Here the values are decreasing completely, and here once, after reduction, we are
getting to know that there is not much change.
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So, it means that in the beginning, it is reducing the error very fast, but after that, the error
reduction has reduced and slowed down. Okay, so now we have the methods, so we will keep
changing the equation like this.

Now see, instead of 1, I will make it 2.5. Suppose I did it like this. Okay. And I will let it
remain 1. The convergence is—I will write it as 0.5. Now let's see what happens. It has come.
Okay.

So, there we did that. If at n number, we have to reduce the error exactly. So now see, we
took a as 1 and took b as 2.5, so the error that came here, which was 7.5 in 10"-1, got reduced
and came here. Okay. So, the error reached from 10”-1 and reach to 10"-7. If it became
smaller than ¢, then it stopped. And here it was big till here, it became smaller here.
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a b c f(c) Error
© 1.00000 2.500000 1.750000 1.609375 7.502000e-01
1 1.000000 1.750000 1.375008 -8.775391 3.750000e-81
2 1.375000 1.750000 1.562500 ©.252197 1.875000e-01
3 1.375000 1.562500 1.468750 -0.300323 9.375000e-02
4 1.468750 1.56250@ 1.515625 -2.034054 4.687500e-92
5 1.515625 1.562500 1.539062 ©.106535 2.343750e-02
6 1.515625 1.539062 1.527344 ©.035612 1.171875e-02
7 1.515625 1.527344 1.521484 ©.000622 5.859375e-03
8 1.515625 1.521484 1.518555 -2.816755 2.929688e-03
9  1.518555 1.521484 1.520020 -9.008076 1.464844e-03
10 1.520026 1.521484 1.520752 -0.993729 7.324219e-84
11 1.520752 1.521484 1.521118 -0.991554 3.662109e-04
12 1.521118 1.521484 1.521301 -0.920466 1.831055e-04
13 1.5213e1 1.521484 1.521393 ©.800078 9.155273e-05
14 1.521361 1.521393 1.521347 -0.900194 4.577637e-05
15 1.521347 1.521393 1.521370 -0.900058 2.288818e-05
16 1.52137@ 1.521393 1.521381 ©.02001e 1.144409e-05
17 1.52137@ 1.521381 1.521376 -8.920024 5.722046e-06
18 1.521376 1.521381 1.521379 -0.000007 2.861023e-06
19 1.521379 1.521381 1.521380 ©.900001 1.43051le-06
20 :\.522179 1.521380 1.521379 -0.000003 7.152557e-87

Bisection Method

44— f(x) =x"3-x-2

O ® Root: x = 1.521380
= Wl X =1,

34t i |

So, like this, if you see the error that we have, what happened in this: 1.521379 and 1.521380.
So, see the difference between both the points, then it came out to be 0.000001, okay?

So, if we calculated our error like this, then our error will come in this form. So, the value of
fc also came out to be zero, because if ¢ is the root, then fc should come out to be zero. So, it
will come out to be zero there.



So, in this case, when I plotted it, then we got this root. The root will remain the same. Our
root is around 1.5. It will remain the same. The convergence is also almost the same because
we just changed the initial guess. Okay?

So, if we change the initial guess, then this will come out. Now suppose I change it a little bit.
As I said—so if I change its values to x*3 - 2x - 8, let me see what happens then. Let's see. In
this, we had seen that at 1, f(x) is negative.

On 1 and 0 it is also negative. The root will come between 2 and 3. So what will we do here?
I will send 2 here and send 3 here and write it here as well, because this will be a label. Let's
write it down. So here it comes: x*3 - 2x - 8. [ have defined it. So, let's see what happens.

So, what is its root? It comes to 2.33. And the error reached here at the end. So, the roots that
we got are exactly the same up to five digits. The difference is of two at the sixth digit.
Because we had defined it here 0.5 in 10”-6. Okay, so the values are here.

Now, let's see. We have plotted this nice function. We have not changed its axis. So, okay,
that function will be plotted. This is the bisection method, and here we have done it. Okay, so
this—the root which is 2.33, and if we plot this function between 0 to 3, then here we have
this function.

From where did we say that? So instead of 0 to 2, I will make it O to 3, because it is in
between them. So now I will see what I do with it. Now it has come. See—so the root which
we have is this, and this is 2.33. The root has come here.
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And the convergence is how our error is getting reduced. So, this table is showing that the
error will reduce very fast in the beginning and after a point, it will become almost the same.
So, this is the convergence, because this is the bisection method. In this, we have seen that
the error is halved. So, every time, one error is getting reduced by half. So, every time it will
be reduced by half.

So, our function, which is the error, is reducing in this way. It is becoming half. So, from
here, we can apply the bisection method. So, once we get the solution, we can change any
value here. We can give any function here: we can give x=cos(X), we can give X= sin(X), we
can define any function here.



So, like this, we will write the code of the bisection method. And after that, we will apply
different-different functions. And from there, we will get all these solutions. So, from this, we
will come to know that convergence is happening and how our tables are being made. So, this
is very beneficial for us. From this, we will also come to know what will be its root.

So today, we discussed the fixed-point method and bisection method. And we also saw their
Python code. And from the Python code, we came to know how we can make the error table
and how we will come to know from the plot that our method is converging towards the root
of the given function.

So, I hope you liked this lecture. Thank you for watching this lecture.



