SCIENTIFIC COMPUTING USING PYTHON
Professor Vivek Kumar Aggarwal & Professor Mani Mehra
Department of Mathematics
Indian Institute of Technology, Delhi
Lecture No. 36

Welcome, everybody, to Scientific Computing Using Python. So the topic we are going to
discuss today is the last topic of this course. So today we will see how we can solve boundary
problems numerically. So let's get started. So what we have done so far in this course, in the
previous lectures, we have solved initial value problems. So in initial value problems, we
have a solution given at some initial point and we keep approximating the solution
numerically iteratively at every next step. But what we are going to do today is called
boundary problem. His problem with short form boundaries. So today we have to see how to
solve this. So we generally write the boundary related problems in this form. So like y is. y is
a function of x, so we will write

d?y / dx* + p(x) dy / dx + Q(x) y = f(x)

and the differential equations that we are taking now in this differential equation boundary
problem are linear. And what do I do with it? I multiply it by a constant k. And our x is
defined in some close interval from a to b. So this is our second order linear differential
equation. What do we do now? In this, I will apply boundary conditions. So we will impose
the boundary conditions. I am going to impose a general boundary condition. That is

O(Oya t Boy'a = yO
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ok so what does y at a mean, here y a means y at a and y’ means took the derivative and we
found out its value on a, similarly y b means y at b and y’ is the derivative b of b. So the
condition that we have taken, the boundary condition, has been taken in this manner. So this
boundary condition is what we call mixed boundary condition. Boundary conditions. So you
will see what we will become if we do it differently. Now and we are assuming that p(x) q(x),
f(x) two, this function is a continuous function. So this means that the solution of this
differential equation, which is a boundary problem, exists and it is a unique solution. So now
we have to find this out. what shall we do now? I will take case one. If 3 0is 0 Blis 0a 0 is one

and o, is one, if we take this, then what will happen, then our boundary conditions will

become y at a that is ya and that is gamma 0 and y at b that is y(b) we will call it gamma one.
So if such boundary conditions are given to us, then we call it Dirichlet boundary conditions.
Ok? So we will take case two. What are we doing in that? Suppose if alpha becomes 0, beta
becomes 0, gamma becomes 1, oh sorry o, becomes zero andBlbecomes one, then what will

happen in this case, in this case our boundary conditions will become y’(a) =y’ a , which
we have written like this, y(a) will become gamma 0 and then we have written y’b, it will
become one. So if we are given this type of boundary conditions in which derivatives are
getting involved, then this type of boundary conditions are called Neumann type boundary



conditions. So this is a Dirichlet-type boundary condition. This is a Neumann-type boundary
condition.
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And if we combine both of these three, like it is, then we call it mixed boundary condition.
And in some books it is also called Robin type boundary condition. But this is a mixed
boundary condition. So if we solve this equation with the mixed boundary conditions. So
there are different cases which we can find out from this. So what to do now in this case? We
have to solve the boundary problem. So the other methods we use to solve this are analytical
methods. You must have solved these with power series and if p(x) q(x) will become
constant. So we can solve this by finding it out from the electrical equation. So but what we
have to do is that we take a general equation, so I will name it one. And this boundary
condition is our boundary condition. Mix is the boundary condition. So we'll take this. If we
take case one case two we'll take that.

Now we have to solve this. So what do we need to do to solve this ? This has to be solved
numerically. So what's the first thing to solve numerically? That we have to see its domain
first. We are doing its domain in One D. So these a and b, here we are given the value of the
solution or the value of its derivative at this point and at this point. What do we do now? The
solution in between this has to be found out. So suppose its solution is something like this or
there is a solution of this which is like this or else I take some third solution. Any solution is
like this. But our values are given here and here. What do we do now ? In between we have to
see what the session will be? So what do we do for this? I will divide this into n sub intervals.
Ok? So what did I do? The length of b - a, I divided it by n. And that's my h here it is. The
width has arrived. So we divided it into n number of sub intervals. And this point, my a, is
my X0, this is my x1, x2, x3 and at the last, this is my xn. Ok? So this means total isn + 1
points. So this which we have, we will say that this is X0 < x1 <x2 and it will go on like this.
In the last there is xn, so this is our grid and mesh and the mesh width is we are making it
uniform, so in this case it is this. So what did we do? This is how we divided it. Now we have



to approximate the solution. So we will see what solution comes at this point? What will
happen at this point ? What will happen at this point? This is how we will find out the
solution. Now, in this first initial value problem, the solution was given here, so we calculated
it here, then calculated it here, then calculated it here, but in the boundary problem, one
solution is non here and one is non here, so we will find out all the solutions in between in
one go. So what will happen in this is that in these problems, we will find out the solution in
one go on the entire mesh that we have generated. So now what we have to do is our equation
one, so what is step one, we have to discretize equation one, so what is the meaning of
discretization, our equation for the boundary problem is given in the form of continuous, but
we have to discretize it above this match point. So what do we have to do now? The first
derivative needs to be approximated. The second derivative needs to be approximated. Ok?
So this is what we have defined above. So what do we do now? I have to see its
approximation. I have to see its approximation. And we know that. So what we are doing, we
are doing this with the help of finite difference method, we are using FDM, there are many
different methods to solve this. There is also the finite element method. There are spectral
methods. Ok? There are many methods. But we are making it a finite difference. So look at
us now, what did we do? Now that we know what the first derivative is, how do we
approximate the first derivative ? So this means I am approximating it. So this has to be
approximated at any rectangle at the ith mesh point, okay so this means I can write it like this
y' at some xi, its approximate value, if I write it like this {y (i+ 1) - yi }/ h then we know
that this is the order of h, so I can do it like this. Here comes our forward. I can also do this
backwards. {y i-y (i— 1)} /h+ order of h This is done backwards. I can do this from the
centre also. Thatis {y (i+ 1)—y (i— 1)/2h this is the order of hv. And this is the centre.
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So we can approximate our derivative in any way. Now let me do the second derivative like
this. Ok? Ok? So if [ want to approximate the second derivative, then I want to approximate
it. Now the second derivative means y’' at xi. I want to approximate it. So there are different
methods to approximate this. So for example, if [ write thisasy 1-2y (i+ 1)+y (1+2)/h?
then this will be the order of h and this is forward. I can do this backwards also.y 1-2y (i-



1)+ y (i-2)/h? and its approximation is also of the order of h. This is backwards and if we
wanted to do it from the center, it wouldbey (i—1)-2y i+y (i+ 1)/h?and this is the
order of s?, cent. Ok? So what do we do now? With its help we have to approximate it. So
what we do with this is we want a little higher order approximation, we know that it is better.
So we approach it with center. So we will call this central final difference. So now see what ?
So equation one can be written as Firstly, we will write equation one like this. y' at xi is
constant k okay? Ky’ (x_1) + P(x_1)y’(x_i) +q(x_1) y(x_i) = f(x_i) . And whatever i is we will
take 1,2, 3, upto N - 1 Why? Because we already know about the boundaries. So, we have
to take it up to this point. Now the approximation that we have to do is to approximate this
second derivative to the first derivative. So now let me do this from the center. So is this
constant k any? Now look, I am applying it. I wrote it like this:y (i—1)-2y i+y (i+1)/
h2. Plus now p at xi this is no for us. I can also write this as pi. No problem. Ok ? So I wrote it
as pi. So p at xi is pi. Now what did I do to it? I also moved y' from the center. So this will
come as yi - 1, let's write it as plus. - yi - 1 by 2h plus qi yi = fy where q at xi is qi and f at xi
is fi so what we did was we approximated it, discretized it on the mesh, now we will
rearrange it so how will I rearrange, see what we have now, the terms. is in the form i — 1. is
in the form of 1. is in the form i + 1. That's all there is. So this means that I try to collect all
these terms. Now look, we have k here. I first take the value of yi - 1. So k / h? comes from
here. And from here we get minus pi / 2h, this is the quotient of yi - 1. Ok? Now let's see
what will come from yi? look from yi this is coming and this is coming. So I can write from
here yi to - 2k / h* + qi, okay. And this is our yi plus now we have to do yi + 1. So what will
be the result? k / h? and this will come out to be plus just pi/ 2h yi + 1 = fi and we get it. And
now look at our i, we will find it out on the interior points 1,2 ,3,...,n - 1.
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Now this is the main question. This has become ours. I give it to him. Now look, if we want
to simplify it a little then we can do so. Here we can make it a little easy by multiplying both
sides by h?. Ok? Because whatever h will be, it will be very small. So if hv happens it will
become smaller. And if we do division with the help of some very small numbers, then what
happens is that if division is done with small numbers, then sometimes it eliminates the
significant digits. Ok? So he reduces it. So that is why we avoid division by the smaller
numbers. So this is it, we can write it like this also. I will take the LCM of both. So the LCM



of both will be 2h?. So if you see, I can write it like this. (2k — htp_1) yi - 1 okay then I will do
this division here by 2h?, here it is x> Right? So now I will write it like this plus (-2k + x? qi)
yi / h? plus and this will become the same 2k + h / 2h? yi + 1 and f we will refine it a little
more. So I'll move 2s? over there. So basically this becomes we have (2k — hp i) - 1 okay? In
this, sometimes we also bring out the negative sign to show the positive. So I can write it like
this also. Two will come. So here I write this -2 and it will come here, I took the minus sign
out, so 2k - h? qi okay yi plus and this became ours, so let's say it became the same 2x? fi this
is ours. So, our values will come out from here. Ok? So I'll give this equation number three.
Now how to deal with boundary conditions. Now we have to see the boundary conditions and
how to solve it. So what should we do? Now there are two ways to solve the boundary
condition. Ok ? Two ways. Two ways we can solve it. So I will calculate both. First one, I can
write this. What should I write for this also ? Let me write down case one. Now we have this
condition. If we look at the above, what will we do now? They will solve this directly, this
mixed boundary. Ok? And then depending upon whether their coefficients are to be taken as
zero or one. Those cases will come to us separately. So, we have alpha 0, y 0 and we want to
calculate it like this. Now see how to do it. Now what do we have in this case ? alpha O y et a
okay? So look at y at a and what is a? That is x0, if we assume it to be y0, then we will write
it as y0, so here we have written y0 plus beta0, now let us see, what does y’ at a mean, y' at
x0, this is ours, now we cannot go back from this, okay brother, the derivative we have is on
x0. Now we don't have any approximation behind x0. There is no mash point. x0 will be
followed by x1. so what does that mean? What are we going to do here? I will approach this
through forward. And what will be the forward? brother what are we doing ? I'm taking y' at
x0. So what does one have to do to forward? I'll go to the next step in approximation. - y0 / h
It will be done. Ok? So here I will write this as y1 - y0 / h and equal to gamma 0 now what
will be the second one? alphal will become yn. Why? Because what we have is y at b and
what is that? y is at xn and we will write that as yn, so [ have written yn plus betal now see,
we have given y at d at b so that is equal to y' at xn so if we have any point beyond xn, then
we do not have a match point, so what will we have to do, here we will have to go backward
and what will be backward, its approximate value will be yn — y(n— 1) / h so this will become
yn —y(n— 1)/ h and this will become gamma, so we will simplify this also a little. So if you
look from here, what do we have ? Let me simplify this a little more. So see from here, we
will take h as common, I will multiply it, I will take the terms of both sides y0, so if we look
carefully, what will these terms become, h0 so alpha0 h and this will come to be a0 * h -
beta0, this will come to be the coefficient y0, okay plus betaO * y1 and this becomes, this is
what it becomes. What did I do? Multiplied both sides by h. So this will get cancelled. That
will bring h here. So h0-beta0 is the coefficient of y0 of yO + y1 and it arrived. It will come
from here like this. If [ multiply it by the same h, what terms will we get? yn - will come to us
-betal yn- 1+ hl + betal yn =h gammal It will come. Ok. So what do we have? This
became a boundary condition. From here, I named it Four. So what do we do now? We got
these equations by applying the final difference. Now let's see how to solve this. So now what
do we need to do to solve this? 3 & 4 First, we have to see how the system was created. Now
look, if I take i as one, what will come from here? From here we will get (2k —hp 1) y0 -2
(2k-h*q 1)y 1+ 2k +hp 1)y2=2h?fl. This is the first equation. then look for i = 2 what
happens now? The forest will come. So this is going to be 2k —hp 2 and here comes y1,
okay? - 2 2k - h* q_2 This will come to y2 + 2k + hp 2 y3 And this becomes our 2h? f 2. So
we will keep calculating like this here, ultimately we have to go till i which is (n — 1), so let
us see what will come in n - 1, so this will come as 2k -h p (n— 1) Now y which isi- 1 will
comeasn—22k-h*q (n—-1))y (n—1)+ (2k+hp (n- 1)) this will become yn and this
will become 2h"2 f (n— 1), so if we look at it, we have n - 1 equations. So there are n - 1
equations.



And what about those unknowns that are ours? What is Anonymous? y0, y1, y2 ,....yn So
what do we have? We have to find out all the values of y0, value of y1, value of y2. Because
the boundary conditions which have been given to us are given to us. So we do n't know what
the exact value of y0 is. Ok? So now it depends on how we will calculate this. Ok? OK, so
we have a total of n + 1 unknowns. Now we have got this as n - 1 equation. So what do we
do? Now we need two more equations. So we will get two equations from here. Ok? So the
first equation, now I am writing it in red. So, we will write this first. Ok? So the equation that
will come from here will be this (a0 - beta0) y0 + beta 0 *yl =beta 0 yl. So here comes our
boundary condition. From here, I am writing it here. Inside, the boundary condition will come
to us - betal. I should not write it here, I will write it here. Here - betal y (n—1) + (hl +
betal) yn = h*gamma 1 So now we have n + 1 equations and n + 1 unknowns. So if we have
this, then we can calculate it now. Now it depends on what kind of system we will have, if we
have to solve this. So what will happen in this?
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We will have a matrix. Now see what is happening in the matrix ? The first terms here we
have a vector. The vector is y0, y1, y2,... yn equal to the right hand side. So now see, in the
first I am writing here (a0 h - beta0) yO Here the second term will come beta0 and this will
come h * gamma0. Okay, after that see, the first boundary condition which we used has
come, after that see what is coming, it is coming here (2k —hp 1) -2( 2k - h* q_1) The next
thing that will come is (2k + h p_1), this has come and here 2h? f1 will come then what will
happen in the next? It will shift a little and come here. So this will become (2k - hp2), next
will come -2 (2k - h? g2) and next will come (2k + h p_2), and here 2h? f2 will come and it
will go on like this. Now we will see that there are only three entries in each row here. So one
entry is on the diagonal. One is below him and one is above him. Ok ? And what will we
have here in the end ? This will become (h*alpha 1+ beta 1) and this is - betal so this
becomes our h*gamma 1 the entry that comes above it will be (2k + h* p (n — 1)) here this
-2(2k - h* q_(n — 1)) and here this will come (2k + h*p_(n— 1)) and here 2h* f (n— 1) will
come ok so what do we have? Now this becomes a system of equations. So the matrix that we
have in it is a special matrix. If we look at this matrix carefully, it has only three entries on



the main diagonal. One above the main diagonal and one below the main diagonal. So this
type of matrix is called tri diagonal. So this is our tri diagonal matrix. So what will you do
with it now? We have matrix A. This is y here, and we have our right hand side function here.
r [ will write it down. Ok? So what will we do with this? We will solve it. So if you look
carefully at this matrix, in this case it will be a diagonal dominant matrix. Ok? So this matrix
is diagonally dominant. So it has a solution and we can find out a unique solution for it. So
we will find this out with the help of the method that we have developed, Gauss elimination.
So we will do this by Gauss elimination. Because the gas elimination method is quite
expensive. The order of h occurs. But for a triangular matrix it remains just the order of h. So
that's why we can find this out by Gauss elimination. If you don't want to do Gauss
elimination then you can solve this system by any method like Gauss seidel, Gauss jacobi and
we will get the solution that we have. Ok? So this is our case one. Now in this case, you see,
now look at the observation here, what if in this case we have alpha, beta 0, which is beta and
gamma becomes 0, then what will happen if beta 0 and beta 1 both are 0 and alpha becomes 0
and alpha 1. So from here we will have these conditions. See, this condition has become zero.
Alpha 0 became 1. So if you see, here we will have y0 is gamma 0 and yn is gamma 1 and
what is this? Dirichlet Boundary Condition So what happens to us in this ? The solution is
non-existent on the boundaries. Ok? So what will happen if we do this ? If beta 0 and beta 1
both become zero then see what will happen here? Beta 0 this became 0. If I show this even a
little, it will become zero. Alpha 0 will become 1. So only h will be left here. This will also
become zero. And what is this gamma 0 ? This is known to us and h. So h and h will get
cancelled and this will come from here. What will you find here? If h* yO0 =h *gamma 0
then h cancels out. So from here ultimately we get yO = gamma 0. So look, it has come here.
Same thing will happen here. If betal here becomes zero, then betal also becomes zero. This
also became zero. This left h1 and equal to so h1 will come here and y n = gamma 1 which
is one so h gets cancelled so from here we get yn =1 so ultimately it has satisfied the
boundary condition, okay so what will happen in this is that this will ultimately happen. In
this we know the values of the solution initially and final on that. So we can calculate from
this also and we can also do this matrix inn/(n—1)*(n—1) . Ok? So, we solved it
accordingly.

=@ 92 CmD W - - @ co @0
2025-03-26 - Ode Numerical + 6/6 - Fit (102%)
s R — —r . - .
- - A o x (Ratrf) v = B @
Qm) . @«) UNEnwd -
g — )00 Yenmncn
(:‘?‘—b) 50 Yo £ = o ':/‘z"’ob} Yom vy
@e-et)  —alse-tiy) (aeent) = :.4.‘:. D
Goth)  Lbetn ey | | TH| a0k
\
'y 3
-hly,) -2l ) (et 26s-) - -
¢ -8, Gath) 2
e Al Iy =AY @
_"".\J-l“-,w-’ readiy

2 Gaws gL minatov,

» ﬂ.‘ll[“

. g
3
\s]

by

| NPTE

(38:05)

-



Secondly, if our alpha is 0 and alphal is also zero and beta 0 betal, both of them are one,
okay, so both of them have become zero, this has come, so this has become purely Neumann
type, okay, so what happens from here, there will be purely Neumann type boundary
conditions and according to that, we will put alpha 0 and alpha 1 = 0 here, accordingly we
will get its value. So even if we have these given separately we can do it and even if we have
mixed givens we can do it. So generally speaking, what is the problem with what we are
doing? So these are the methods, now see what we did, we applied the central fine difference
here, so I applied the central fine difference at both the places, here as well as here, so what
does it mean here and here both of them will give the approximation of the order of h?. Ok?
So this is the approximation of the order of h>. Now we have done this work but what is the
problem ? This approximation that we took here was of the order of H. This was also the
Order of H. We know this, forward and center were placed. So what happened is that we used
this and combined both of them, so the combined effect that we got from this method will be
of order of h approximately. Why? Because on the boundary the order was of h and in the
middle the order was of h?. So if we take the composite, combine all of them , and look at the
combined effect then the order of h will come. So, what happened with this? Our
approximation has become a little less. Meaning it will come with some accuracy. If we have
a differential equation and its solution is a linear function then it will give the exact solution
but as soon as a little non-linearity comes in, we will get an error. So this problem which will
arise, this problem occurs in this case. So what do we do to avoid this problem ? Now
whatever methods we took, what did we do? I took case one. Ok? Second derivative First
derivative Yes, we took this and this was ours, after that we followed these steps and we
solved it. Right? Now what we have is the next thing I write here is to improve accuracy up
to the order of h? so if I want accuracy of the order of h* what do I do? This approximation
that we made, I will also do it with second order approximation. What does it mean? I will
apply central final difference here also. So if I want to apply the central final difference in
this case, then look here, if I am applying it, then if you understand from here, then we have
the value y' at X0 now if I want to do this from the center then what I will have to dois y1 - 1
will go ahead one because x0 is here. Here's x1. So one goes forward but one also goes
backward. So backwards means I will have to go backwards from y0 and here I will have to
write 2h. so what does that mean? First, we need to create a fictitious point here. So that we
can approximate it by central fine difference only. Ok? So there are methods of this type in
which we will increase its accuracy. So if we want to increase the accuracy then what will we
have to do? A Fictitious point or also known as Ghost point. He will have to be introduced.
Ok. So, what am I doing now ? See, my x was 0 and this was x_n. We already have this. So,
what am I doing now? I am going back one. I am writing x - 1 and we will have to go one
further because we had a boundary here also. So, here I will write x_(n + 1) and these points
are this one and this one was closed, right. Ok? So if we look at these points, we will show
that this and this are our fictitious points. There are ghost points. Ok? So we introduced this
just to increase its accuracy. Now the question arises that here the solution is unknown. We
don't know anything. Is it okay? So how to find it out now? So this is the main problem. Ok?
So let us now see how we can use it to increase its accuracy. So you see, first let me look
here. What am I doing now? Here 's the x1. So what am I doing? Here it was h, so I go back
that much, h, so let me take the x - 1, that is x_0 - h, okay and here we took x n + 1, that is
x_n + h, whatever it is, it will be the same in a uniform match, even if it is non-uniform, then
also whatever it is, we will take that much here, now see, this was our boundary condition. So
if we look at the boundary conditions, what did we have? alpha0 y0 + beta 0 and this
becomes {yl —y (- 1)} /2h =gamma 0. So from here we will calculate, I can write this from
here, look, from here I will multiply both the sides by 2H so it will come to —beta 0y {- 1}



+ (2 h_0 + sorry here it comes to -1, okay? After that this will come 2 h 0 *y 0+ f0* yl =
2h*gamma_0 this will come. So in this we have y0 also coming , y1 also coming, y {- 1}
also coming. Ok? So now we have named it equation. Suppose I gave it. Now what to do
next? Solving the differential equation at x this was our differential equation above now I
have to solve this at X0 so x 0 because see we started with 1 which is one. Now what happens
if I take i to be 0, what does this become? y will become - 1. Is it okay? So if we pay
attention, I am writing this directly from here. So you take i as 0. So what will come? (2k —
h*p_0) will come from here (2k —h*p0) y_{- 1} - 2 what else was there? (2k - h* *q0)y0 +
(2k + h p0) y1 = 2h? f0 Okay, this was on the right side 2h? fO So here we have this equation,
I will give it the name b So now you will see that we have two equationsaand by {- 1} ,y0
,y1,y {-1} y0yl Like this now what we will do is now eliminate y {- 1} from equation a
and b from these two equations. We will eliminate it from here. Why? Because the value we
havey {- 1} is our fictitious point, we took it. So we never know these values. So what will
we do with this point, this thing ?
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I will eliminate you. So what will you do now for elimination? Very simply we can do this?
What can I do ? Let me multiply this and add it. So what can we do? I can do this. See, a is
multiplied by 2k - hp0 plus b is multiplied by beta0, this is done by b with beta0, this is 2k -
and both are added, so what will happen after adding, see, 2k — h*p0 will come here and
beta0 will come here, okay and if both the adds are added then it will get eliminated. So what
does the equation that we have become? We will have it (2h alpha 0)( 2k — h*p0) okay. - 2
beta0 (2k - h?* q0) this comes to y0 okay plus [betaO (2k — h*p0) because it was multiplied
and here beta0 (2k + h*p0)] because I multiplied b not from here. Here we have y1 equal to
and this becomes our 2h*gamma0( 2k — h*p0) + beta0 and this becomes our (2h? +f0) so we
have this, okay so now let us look at this, you can simplify it a bit so if you see from here,
beta0, this will cancel out so this and this will cancel out so 2k + 2k= 4k beta0 will come
similarly we will calculate it from here also so whatever terms we get, they will come so
ultimately what we have is that we have a coefficient y0 and one coefficient and we get y1 =
something so now whatever things we have are starting from y not and we should start from



there because we don't know anything beyond that. Ok? So, I can name this equation as, let
me name it. [ will give it to you. It has come to us. Now same similarly at x_(n + 1), now we
have to see what will happen to this? This is a fictitious point. So if you look at the fictitious
point, what will we have? What do we have? What will happen to the second boundary which
is the right side boundary condition ? So on that we have al yn + betal, Now look what will
come here? y (n+1)—y (n—1)/2h =gammal This will come out. Why? Because the
values that we have, now look at where this is, now we have to do it from the center, so n was
here, then n + 1 will go ahead, one will go behind it and it will become 2h. Ok? So this
quantity will come here. So now look what has happened here ? Now I multiply both sides by
2h. So this comes to - Bl y_(n— 1) + 2h*alphal yn + 1 *y (n+ 1) * 2h*gammal. This is
what we have. Ok? So here we have the boundary condition on the right hand side. Similarly,
now we have to solve this. C and I'll take this D. Now another equation is also needed to
eliminate these. So what should we do? Using this same equation that we had, I will now
apply it to 1 =n. So if do it for i = n then it will come out to be (2k —h*p n)y (n—1) okay?
It was -2. What happened next? (2k - h? *q n)y n+ (2k+hp n)y (n+ 1) =2h?f n Now, I
will take this. Now you will see that here this thing that we have, this quantity, this one and
this one, both are unknown. Ok? We do not know what their value will be because these are
fictitious values. So what do we do? Now we have to eliminate y (n + 1) from equations d
and e. We will have to eliminate it from both of them. How will you eliminate them now?
what shall we do now? what do I do to d? I will multiply it by (2k + h*p_n), I will multiply d
and subtract e by betal because it is betal and its coefficient is this and we will subtract both
of them from each other so this will get eliminated, so if we see from here, what do we have -
betal , I multiplied it by (2k + h*p_n) minus, I multiplied it by betal and it came out (2k —
h*p_n), this is our coefficient of y (n— 1) + 2h alphal, I multiplied it by (2k + h *p_n), okay
minus and multiplied this coefficient by betal, okay so how much did we get here, this -2 (2k
- h? q_n) and this quantity that we got, we got of y_n, okay why because I will multiply it by
betal and then we will subtract both of them from it. So if we subtract then it is obvious that
the minus sign here will come and this coefficient is definitely there. And what will this equal
to two become? This becomes, we have 2h*gamma 1 (2k + h*p_n) - betal (2h** fn). Right?
So we did it like this. So, we will calculate all these quantities. Some part of this will be
eliminated. Like this is what is happening. It's a minus, so -2k and -2k is getting cancelled
from here. Just like this we can find it out. And because we will have to be a little careful.
There should not be any mistakes in this. But if there is any, you can understand that



somewhere some negative sign or positive sign is happening,
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but what we have done is we have multiplied it by this and multiplied it by betal, that's fine.
So we will calculate this. Ok ? So from here we will name it. Like I have done above C de
and this gives us F. From here we get this equation. So now you'll see what we have in this
case is that this is the quantity coefficient. This is y of n - 1. This coefficient is of yn and is
equal to the right hand side, this is. And everything on the right hand side is non. So after
reducing and eliminating what we have, we get this. So if we pay attention to what we have
now? Now we have (n + 1) cross (n + 1) cross this becomes a system and here our quantities
are y0, y1, .....yn and equal to the right hand side. Ok? So what will be the first value that
will come on the right hand side ? This quantity will come in the first place. Why? Because
we will first take this equation at y0. So, what do we do? The coefficient of y0 is to be written
here. We have to substitute the coefficient of y1 here. And the right hand side vector that is
coming, we have to write it here. After that, it will continue in the same way as our process
was, the same values will come there and whatever will happen in the end, what will happen
in the end? This is the quantity of yn that will come here. This coefficient, the coefficient of
y_(n— 1), will come here, this one and the right hand side vector will come here. So this will
come in between. So we will have this tri diagonal system. And with the help of our iterative
methods, or direct method, or by Gauss elimination, we will solve it and we will get our
solution. So this is the theory we have just presented.
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So now let us implement it a little in Python. How can we find this out in Python? So look,
this is what we have done. We have solved the problem with second order boundary for this
equation. Well, instead of k I have written epsillon. No problem. So we have written p(x),
q(x) r(x) f as r. And these quantities are given to us. Now see what to do in this? If we find it
numpy then we have to use it. Matplot also has to be used. So I defined a function there
called solve boundary problem. In this we will input the coefficient. p q r a b alpha0 beta 0
gamma 0 alphal betal gamma and we will have to input all these because all these things are
known, we will input it here now what do we have, we have to find out h, so in h I had told b
- a/n so what we will do is I will find a mesh x, I will divide it from a to b n + 1 into points,
whose initial point will be a and the last point will be b. Because all n are intervals, so there
will be n + 1 points. What are we doing now? The matrix I am generating has dimensions n +
1 and has all zero elements in it. Because mostly if you see this matrix and tri diagonal, all
the elements in it are zero except the three main diagonals, only those in the middle are
non-zero. So this type of matrix is called sparse matrix. So what happens in this is that we can
solve it very easily. So what did we do? We defined it all from zero. And I have also defined
the right hand side vector whose all elements are zeros. This is just to define it.



‘D localhost

) Jupyter BvpSolver1 Last Checkpoint: 5 days ago A
File Edit View Run Kernel Settings Help Not Trusted
B+ XD M » m € » Code v JupyterLab Python 3 (ipykeme) O = B
def solve_bvp(eps, p, g, r, a, b, alphae, betad, gammae, alphal, betal, gammal, N):

olves the BVP eps y'* + p(x)y’ + q(x)y = r(x) using finite differences
h=(b-a)/N

x = np.linspace(a, b, N + 1)

A = np.zelos((N + 1, N + 1))
B = np.zeros(N + 1)

for i in range(1, N): # it

= x[i

i, i-1] = eps - p(xi)*h/2 # Left neig
q(xi)*h**2-2%eps # Ce

» i#1] = eps + p(xi)*h/2 # Right neighbor

i] = r(xi)*h**2

@ > > > x

# Boundary conditions

A(@, 8] = alpha@*h - beta@ # Left
Al@, 1] = betad

B[@] = gamma®*h

>
i

AN , N-1] = -betal # Right
A[N , N ] = alphal*h + betal
B[N) = gammal*h

iy,
b |

z
b AN
-

# Solve the system

(1:04:16)

Now we will come to the interior points. So let's look at the interior points, we're going to
take this range from one to n - 1. So in Python you have seen that the range will not go till n
at the end. It goes before that. Ok? So it will go from one to n - 1. So we have made xi into xi.
Ok? So x1, x0, x1, x2, x3, we have just changed its notation. Now see, these values will come
in the ith row and 1 - 1 column of the matrix. Ok? epsillon- p(xi) * h / 2 if we pay attention.
Ok. Now, I have taken the place of K. So if we pay a little attention here, these are the
quantities that we have. If I divide this by h then the values we have are basically these. So
this is the place of K and what is H is what [ am doing here because it depends on us how we
write it. So I am taking Epsilon — p*x_i*h/2. So I just moved h? to the right hand side. Ok? So
if I see this here, I can eliminate this from the two as well because there is a two here as well.
There is two here as well, so I can take two common from here as well. So what will happen
if we take two commons ? k - h / 2 this will come. And this is what is written there. Ok? So I
can take two as common from here also. Whatever unnecessary things are there, we will take
them in common. And look here on the right hand side, there will be just h?. So we'll go this
way. So we have defined the first left neighbor. What was that thing in the middle? We have
divided this also by two. So here it is q*h? - 2epsilon look it is coming here. here comes the.
Ok? ok so if I take the negative sign inside then it will come here h? q — 2*epsilon so the
same quantity has come, ok and the right hand side, which will be above the main diagonal, is
just minus, here it will become plus and see on the right side I have written h? so I cancelled
the two as well now what will we do, boundary condition, so for the boundary condition, we
are doing the first case. When we approximated it from forward or backward, we did it from
forward. Look, a0, which is the quantity, which is the first element of the matrix, will be
replaced by alphaO h - beta 0. We have already seen that. Where is this from? Look at this,
alpha0 h - beta0 and then beta0 here it comes. So alpha0 h - beta0 and beta0 and the right side
was gamma0 * h so we have the boundary condition on the left. What will come in last? In
A[N,N-1]= - betal and in A[N,N] = alphal h* betal, this is the quantity we will get there.
This - betal and this quantity is h + betal, so see h alphal + betal, so this is our right hand
side. So our entire matrix is solved. So now if we want to solve this matrix, then we will write
solve in the module of np in linear algebra, give a and b, then it will be returned from there,
we have y and x which we have calculated from here, which is our mesh and y is there, okay?



So now we can apply this to different examples. So suppose I took p(x) as 2x, [ took q(x) as
2 and r(x) as 5%, okay? So we took this quantity. So if we look at what am I doing now ? I
am trying to solve this. I will solve these equations. So the first example that I will take is y”
plus y(x) and the x that I am taking is 0 to 0.5. This is a given to us and its boundary
conditions are a given. 1.5 It's here. So what this means is that it is in dirichlet type boundary
condition. Ok? So the boundary condition that we have in this is the dirichlet type. We will
define the value of h. So I defined it here. So I have one because its coefficient is one. Y™ of
aand b are 0 to 5. We have defined alpha 0 is one beta 0 is 0 gamma 0 is 0 alphal is 1 betal
is 0 and gammal in this case is 1.5. So I will write this as 1.5, so gammal is 1.5.

@ localhost
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eps = 1

a,b=8, 0.5

alpha®, beta®, gammad = 1, @, 8 # y(8) =
alphal, betal, gammal = 1, @, @ # y(1) = 1
N = 40 # Number of internal points

o5~ X, Y = solve_bvp(eps,p, q, r, a, b, alphae, beta®, gammae, alphal, betal, gammal, N)
Plot the results

i

§ 3y

N It figure(figsizes(s, 5))

NPT Elt.plat(x. Y, label='Finite Difference Solution', marker='o')

plt.xlabel("x')
(1:09:18)

Okay and after that I took n from here, I took 40, so I called it. From there we will have x
and y returned. After that I will plot it and calculate it. What did I do just like that? Took
another example. So the second example we take is like this y' + sinx y' - Xy = 4 exponential
x is between 0 to 1 and this is the condition given to us. So what will I do now? I defined p. |
wrote it as p2. That's sin x this - x taken on the right hand side times 4 exponential. Ok ? a2,
b2 is between 0 to 1. And alpha 0 is 1 beta 0 and gamma 0 so 1,0 ,0 is given. What do we
have in the other? The derivative is given. Y’ , y' at 1 is 0 so what's in it? On the left side we
have the radical type and on the right side we have the derivative. It is Newman type. So we
have this mixed. So alpha 2 which is alpha 1 is zero. Betal is one and gamma?2, which is
gamma, is also zero. So here we get the quantity. Ok? So we are taking this, here y’ at one is



0, let's take this.
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plt.show() a
# Example 2: y'' + sinx y' -xy = dexp(x), @ <= x <= 1, with y(8) = 1 and y'(1) = @
def p2(x):

return np.sin(x)

def q2(x):
return -x

def r2(x):
return 4*np.exp(x)

az, b2=0, 1
alphad_2, beta6_2, gama@_2 = 1, @, @
alphal_2, betal 2, gammal 2 = @, 1, @
N2 = 4@

X2, Y2 = solve_bvp(eps, p2, q2, r2, a2, b2, alpha®_2, beta@_2, gamma®_2, alphal_2, betal_2, gammal_2, N2)

# Plot the results

plt.figure(figsize=(8, 5))

plt.plot(x2, Y2, label='Finite Difference Solution', marker='o')
plt.xlabel('x")

¥ Nolt.ylabel('y')
% t.legend()
t.title('BVP Solution using Finite Differences (Example 2)')
1t.grid()
‘ NPTER; ¢ show()

(1:12:41)

And then we called him also and he gave the plot to us. So let 's run this. So I ran.
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BVP Solution using Finite Differences

=&~ Finite Difference Solution
14
1.2 1
1.0 1
0.8 1
>
0.6 1
0.4
0.2 1
{f a j 0.0 1
X
1 NPTEL

(1:13:02)

Look, it has come. So in the first case, the solution we have is of this type. Because the
number of points that we have taken is 40 and the second solution is coming in this type.
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Now let us see, let me not take too many points and take less. I will take 20. Look at this.
Now look what is y0 here ? is zero over zero and what is y over 1.5 ? It is 1.5. The sessions in
between the conditions that we have to impose are like this. What was happening in the other
one ?y0is 1 and y'l is 0. So yO= 1 look this is y0. y 0 Yes, we have taken zero. Ok? So this is
zero. So y 0 and y' 0 the derivative of that one is zero. What does derivative zero mean? The
parallel to x axis which will come will become parallel to the x axis. So this is our solution.
So in this way we can find out our different equations. Substitute this and the solution will
appear. Now otherwise, if we see, if we solve this equation then it will take us a lot of time
and it may be possible that we can solve it only through power series solution. We can solve
both of these using the power series solution. So we have methods for that. But in that also
we will get approximate sessions because power series are found in it. But if we write the
code numerically once, then with its help we can always solve it. So this is our simple thing
which we said. So this is the order of H. We can do the same thing from Ghost point or
Fictitious point. Which we did the second part of. So we have to do the same work in that
also. Everything is just the same. We will keep inputting all these p q r a b. We have
approximated this value. a b x0 x_n Now see what I did? The value of x0 is x0, and x which
is -1, I named it just x_n just. Ok? For us, we will have to give it some name in the computer.
Apart from this we have done all the work the same. There is no problem with this here. Now
the only problem was coming with a0. So we had defined a0, you might have noticed that this
will come out h alpha0, we had multiplied it 2 x0 x0, by the way, I can also put this a here, is
a okay? And x0 is what a is. We already know that. So here, I wrote a. Why? Because these
are the quantities that will come to us. a b yes this is so we have y0 that we can cancel it out
whatever terms it is. Write it in the form of y0 and y1. how much is y1 coming? 2k+ 2k= 4k
h beta0 We did that with beta0 and two, see 2 k beta0 is in place of k because we had
cancelled two on both sides, so this came and this quantity came and it came on the right
hand side h 2k — h*p x0 I will again write x0 as a because a is the values we already have
gamma zero beta( ,a and b are already given to us, here we are inputting a and b from here
and then we are defining it in it, so it will be none for us. What do we do now ? Have to go
here. So the quantity will be -2epsilon betal. Look, it has been cancelled. So it will become
-betal* h*p n and -betal*p n 2 times. So its values will come here. So this is - 2 epsilon
*betal then the next term will come. We can write it as b. So we have p(b) q(b) because the



right hand side is the b value, we know it. So we will calculate it on that. And what will
happen to the last right side? Gammal h *( 2epsilon + h*p(b)) this is gamma 2k + h*p n
okay h is already 2k + h*p_n this was it and - h*betal *r(b) so like this we define it as h?
betal r(b) and this is outside so this is the quantity that we have. So that's it, we solved the
conditions and then we defined the system and we got x and y in return. Ok?
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] # Ghost point formulation for boundary condition

A[®, @] = h*alpha®*(2*eps-h*p(a)) + betae*(q(a)*h**2-2%eps)

A[@, 1] = 2*eps*betad

B[@] = h*(2%eps-h*p(a))*gamma@ + h**2*r(a)*betad

N , N-1] = -2%eps*betal
N , N] = h*alphal*(2*eps+h*p(b)) - betal*(q(b)*h**2-2%eps)
B[N] = gamal'h'f.‘.‘eps*h'p(b)) - h**2*betal*r(b)

e the system
Y = np.linalg.solve(A, B)

return x, Y
# Example: y'' + 2 y 3 9%, @ X 1, with
def p(x):

return 2

def g(x):
return -3

def r(x):
return 9%x

NPT clphle, betad, gamma® = 1, 0, 1 # y(@) = 1
lphal, betal, gammal = @, 1, 2 # y'(1) = 2
N = 40 -

(1:18:06)

So we can do different types of equations. For example, let us take a simple equation, y' + 2y’
- 3y = 9x and thus we have defined the boundary conditions. So here we have taken Epsilon
as one and we have taken a and b between 0 to one and this we are taking as Dirichlet type
and this we are taking as Neuman type. So we took mixed and instead of taking n for 40, |
will just make it 20 and from here we made the call. Ok? And we saw the session of this
equation, so its session is also given to us. If the exact solution is given then it is great, we
can find out the error. If it is not given then we cannot do it. Ok? So from here if we had the
exact session given. We found out the exact solution at x.
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X, Y = solve_bvp_ghost(eps, p, q, r, a, b, alpha®, beta®, gamma®, alphal, betal, gammal, N)

def exact_solution(x):
return ((3*np.exp(1)-5)*np.exp(-3*x)+(5+9%np. exp(-3))*np. exp(x) )/ (np. exp(1)+3*np.exp(-3))-3*x-2

exact_vals = np.ar‘Iay( exact_solution(xi) for xi in x])
errors = np.abs(Y - exact_vals)

plt.figure(figsiz

plt.subplot(1, 2, 1)
plt.plot(x, Y, label="Finite Difference Solution', marker='o")
plt.plot(x, exact_vals, '--', label='Exact Solution')

plt.xlabel( 'x")

plt.ylabel('y")

plt.legend()
| p1t.title('BVP Solution using Finite Differences with Ghost Points')
plt.grid()

# Error plot

_| plt.subplot(l, 2, 2)

_Rplt.plot(x, errors, label="Error', marker='s', color='r')
t.xlabel{'x"')

t.ylabel('Absolute Error')

elt.lqend()

61t_titlal'Errar Plot')




(1:19:37)

See, the array has been defined, the exact solution at xi, which we had defined for xi in x and
after that we found out the errors and called it, so see, this solution has come to us, our exact

solution and the final difference solution both are matching and our error is this error has
come. Ok?
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So in this way we can calculate its values. We have written it like this, sometimes we have to
check it, so we found the quantity. So with the help of this code, even if we do not have the
exact session, we can still find out its values. For example, if I suppose I take some other
equation. Let me take the second equation. I suppose I took this. P and I took this -3 okay? I
took this and I took this np dot exponential x I took this. 9 *exponential x I got this. Ok? And
everything else is assumed to be the same.
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Y = np.linalg.solve(A, B)
return x, Y

# Example +2y' -3y =9x 0<=x <=1, with y(e) = 1
def p(x):
return x

def q(x):
return -3

def r(x):|

return 9%np.exp(x) I
eps = 1
a, b=9,1
alpha@, betad, gamma¢ = 1, @, 1 # y(8) = 1
alphal, betal, gammal =@, 1, 2 # y'(1) = 2
N =20

x, Y = solve_bvp_ghost(eps, p, q, r, a, b, alpha®, betad, gamma®, alphal, betal, gammal, N)

# Exact solution for error analysis (if known, here assumed as an approximation for demonstration)
f exact_solution(x):
return ((3*np.exp(1)-5)*np.exp(-3*x)+(5+9*np.exp(-3))*np.exp(x))/(np.exp(1)+3*np.exp(-3))-3*x-2

NPT txact_vals = np.array([exact_solution(xi) for xi in x])
errors = np.abs(Y - exact_vals) J




(1:21:15)

Let's see what happens. If this came, then the exact session was not known in it, then we
know that it is unknown, so this is our main solution, this is the error, when we do not have
the exact solution, then we have found it out, okay, why because in this case our exact
solution that is unknown, so we will define it only when it is unknown, otherwise if it is
unknown, then we will get only one solution, that will be our final difference solution, so we
have calculated that.
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plt.title('Error Plot')

plt.grid()

plt.show()
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So if we have any differential equation and if its solution is known to us then it will show us
the error. Otherwise you will not be able to show it. Ok? So in this way we will keep
inputting different differential equations using different methods and we will keep getting
their approximate solutions and we will keep solving it accordingly. Ok? So, we found this
out from both of them. Either we go with the simple order of H or we go with the fictitious
and ghost point. So because of this we can solve any boundary related problem which is
second order OD with mixed boundary conditions. We can approximate it with the help of
finite central difference operator. So I hope you have understood this lecture and thank you
for watching this lecture. Hello.
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