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So, in the previous lecture, we discussed the Gauss Jacobi, Gauss Seidel methods, their 

convergence, etc. So, today we will start from that. So, let's start. 

In the previous lecture, we had discussed till here that we will apply Gauss Jacobi or Seidel 

method, and after that we will see its convergence matrix, and from there we will come to 

know. So, now let's discuss this Python code which is made for Gauss Jacobi. 
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See what is happening in Gauss method. We are using NumPy and Matplotlib. So, the 

tolerance that we have taken is our e to power minus 6. I can convert it and do 0.5 e to power 

minus 6. I have assumed 100. Let's take it up to 100 maximum. After that, we will apply all 

these things. 

So, what did we do? I defined a subroutine or a function: define Gauss Jacobi. Okay, inside 

that, what will we input? A matrix b, the right-hand side vector, and x0 will be the initial 

starting point, and this will be the tolerance or iteration. So, this is an iterative method. 



Okay, the length of n will be the length of b. There are that many number of variables. We 

know, copy x0, and the x_new is x,  np.dot.zero_like(x), and error. Okay, so on each of it, the 

values we have started from zero. 

Now what we have to do is, we have to define the range up to the maximum iteration. And on 

each iteration, we have to find the sum. See, the sum is the right side sum. Okay, and this 

x_new will be what will be bi minus the sum divided by the diagonal element or diagonal 

elements. So, from this, we will get x_new, and we will find the norm of error. 

So, we used the inbuilt function of linear algebra, norm, so x_new minus the x which we get 

is infinity norm. We took it in its form. We will get an error, and we will keep writing that 

error here. In this way, our iteration will be printed in every iteration: what is the new x, error, 

what is the error. 

If the error is less than the tolerance, then we will break and come out directly from the loop. 

Otherwise, we will go here and put this new in it, and we will keep updating this iteration. 

Now we know the rate of convergence. 
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That is the error rate of convergence. So, on the basis of the matrix that we have derived, we 

will find out the rate of convergence. 

And here we have taken a matrix. So, like I have taken an array, an  np.array, so we have 

defined this array. We have taken a four by four matrix, and this is our right-hand side vector. 

So, we have taken the matrix in such a way that it is a diagonal dominant matrix. 

So, you see, if I look here, our system will be 10, and that is greater than 1 plus 2,  3, then 11. 

The next diagonal is also greater than 4. Then this 10 is greater than the sum of the remaining 



element. 8 is greater than the sum of the remaining element. So, this matrix that we have 

taken is a diagonal dominant matrix. 
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So, we have taken a diagonal dominant matrix, and we have taken this right side vector. Now, 

after this, we have to start it with x0, which is the initial guess. We have to give it. 

Now what will happen after that? We will call it Gauss Jacobi. From there we will get the 

solution, and we will get the error. And we will write the rate of convergence here. We will 

plot it like this. 

Now, if I run it—I ran it—so after running it, see, this is what came out. 
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Now, in the first iteration, the error came out to be 0.6, 2.27. Okay,  -1.1 and 1.87, and the 

error is 2.27. Okay, we started with 0,0,0. 

In the second iteration, the error improved here. See, it was 2, it got reduced and reached 

here. It came close to 0.1. Okay. Then we took the third iteration, then it will be reduced. In 

the fourth iteration, it will be reduced. It got reduced in the fifth iteration. So, from the error, 

we can come to know that it is getting reduced. 

Now, see, 5 into 9 5 10 power minus 5 has gone up to this. So, the tolerance that we have 

given in it is 5 in 10 power minus 6, which we have given above. So, it means that our sum 

should be up to six digits. Only then we will stop. 

So, we looked at this thing, and we see the error from here. Here it is 8.73, then it became 

3.765, and the convergence, the solution that we got, we got this. See, there is one in it. 1, 

1.99, okay, it became -999, and in the next, this became two, this became minus one, this 

became one. 

So, the infinity value that we have applied between these two—that infinity norm—is now 

less than the tolerance. So, just like we have applied the tolerance, what did we get? Our 

solution came in 19 iterations, and this rate of convergence is 1.29,  0.79. After changing like 

this, we saw that it is almost near one. 

The convergence rate is decreasing at some places, but mostly it is going around one—1, 

0..87, then 1.1, then 0.9. We plotted it like this, and we saw that this is the convergence rate. 

Look, this shows that the convergence of this method is linear. 

(Refer slide time: 7:18) 

 

The order of convergence of this method is linear. How its iteration is increasing here, and the 

error here is getting reduced linearly. So, we will call this method that this method gives 

linear convergence. 

So now, we have taken the matrix that was diagonal dominant. This is beneficial for us in this 

case. Now in the previous example, we had—where did I do this? So, let's solve this. First, I 

take this from both ways and then I take this. Then let's see what's happening in this case. 
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Okay, so what did I do to this? I'll convert it—Control + C, Control + V. Okay, I'll comment 

on this. Now what are we doing? I'm taking this -4. Okay, 1, 10. Now I'm taking the next one. 

I'm 5. After that, -1. After that, 1. Okay, I'm taking 3 by 3 system. After that, I took 2 and 8, 

and after that came -1. Okay, this. And I deleted the last one. this went, this went, and this one 

more. Okay, this came, and the right-hand side vector was 21. And I'll write here 14, 14, and 

here we have -7. Okay, so this matrix is not our diagonal dominant matrix.  
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I'll run it and see what comes out. So see.   
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This error is increasing. You see, before this, there was 14 error, then 121 then 311. Like this, 

the error is increasing, and the error keeps increasing in this iteration. Okay, so what 

happened in this—we had given 100 iteration maximum and the error increased by this much. 

So what happened in this method? What will we call this method? We will call this method 

that the method did not converge; it diverged in this case because the guarantee of 

convergence was there. So, we changed it. So the matrix that is there—was not diagonal 

dominant matrix. So if we did not take it, then it may converge or it may not. 

So what will happen now in this case—what does it mean? That now I can try to make this 

matrix diagonal dominant. So, as we did, we made it diagonally dominant. How did we make 

it diagonally dominant? We did it by swapping it. So what did we do? We swapped the rows. 

So we brought the one with 5 here, we brought the one with 2 here, we brought the one with -

4 here. So we do the same thing in this method. So I wrote the one with 5 here as 5, -1, 1. 

After that, 2, 8, -1, 2, 8, -1. And this is the biggest one—we will take minus 4, 1, 10. And this 

will also change—it became 14, it became -7, and here it became 21. It came, right? 
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So we have made this matrix diagonally dominant. Now let's see. Now I ran it. See, the 

solution came. After 18 errors, the convergence came and the solution came—it was 1, -1, 3. 

So in that case, it was not converging, but it did converge. And see, its convergence is linear. 

So, as the error iteration is increasing, the errors are decreasing. So in this case, we will say 

that our matrix was diagonal dominant. And because this is a sufficient condition for us, so 

what happened with this—we got the solution from Gauss Jacobi, right? So Gauss Jacobi also 

gave us the solution. 

We can do the same thing with Gauss Seidel also. So I do it with Gauss Seidel. I will do 

this—Gauss Seidel, I have taken out the Gauss Seidel. Okay, so in Gauss Seidel also, I 

convert it by 0.5. After that, we had taken the same matrix earlier. So now let us see it. This 

convergence has come. In the previous case, which was coming in 19 iterations, it has come 

in 9 iteration. 

 

 

 

 

 

 

 



(Refer slide time: 13:36) 

 

And this convergence of this is also linear, right? But it is a little faster as compared to the 

Gauss Jacobi . So, in 9 iteration we got the solution. We had said that there is not much 

difference between Gauss Jacobi and Seidel. We just know what it is doing in Seidel, and it is 

using the updated value. So, the updated value is being used. Hence, the solution that we have 

is very easy, but it is not easy, but we are getting it in a faster way. So, we took it like this. 

And in this case,  we saw that our matrix is diagonal dominant. So, it is done. Now I will see 

this, check it and try. So, let me see what the second matrix became. Now I have taken this. 

Okay, and I will copy it from here. It is here. Now let us solve this. Let us see. We got the 

solution in 12 iterations, and it took 18 iterations to solve that. See, after the same 18 

iterations, the solution came 1, -1, 3, and in this, the 1, -1, 3 is where we have it. Basically, it 

is 2, -1, 3. We got the solution in 12 iterations, and the rate of convergence is around, order of 

convergence is near 1 in this case. 
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Okay, and both the methods are linear methods, and it depends on how fast the difference of 

the matrix is decreasing. So now, from the work that we have done, we have come to know 



that the method is converging if our matrix is diagonally dominant. Then now we see what is 

happening with our correspondingly convergence matrix. How many eigenvalues does it 

have? We will check this. So we have written a code for Gauss Jacobi and Gauss Seidel's 

which is based on their convergence matrix. So we first decomposed the matrix as we did in 

the form of L D U. We got D, diagonal elements, triangular matrix lower and this upper. So, 

we converted it. In Gauss Jacobi, we know that this is one of our matrices. This is the 

convergence matrix. In Gauss seidel, this is the convergence matrix. Okay, we found the 

spectrum radius and we did this. 

So now see, we first -4, 1, 10 solved this, which I just did. So we ran it. Then it is a lower 

triangular, D and this. 
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And now we saw that the Gauss Jacobi iterative matrix is formed and Gauss seidel is formed 

and found the spectrum radius. So see what came out. 5 came out, and its value came out to 

be 1.14. See, that is why it was not able to converge. So, will the rate of convergence come to 

infinity. So, what happened in this—our method was not converging at all because we knew 

that the spectrum radius should be less than one. 
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So, if our matrix was not diagonal dominant, then that did not converge. And if it did not 

converge, then one of its conditions was that the eigenvalues would become greater than one. 

So, definitely it will go towards infinity. So, what happened in this case is that it did not 

converge. 

Now I have written this matrix in this form. Okay, now whatever work we have done, I will 

write it like this. I had commented it out, and I removed it.  
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There is no use of the right-hand side vector, so we made this. Now this is the diagonal 

dominant matrix. Let me see what will happen. Look, L, D, U matrix of Gauss Jacobi also 

has been formed—this. And Gauss Seidel—this has been formed, which is our convergence 

matrix. 

Now look, now if you see the eigenvalue, then what is its eigenvalue? Maximum is 0.37, and 

Gauss Seidel's is minus 0.19. So look, if we see the rate of convergence, then Gauss Jacobi is 

coming close to 0.97 and Gauss Seidel's is coming to 1.6195. So it is almost double. So we 

can say that Gauss Seidel, which its rate of convergence is two times. Right? The C is two 

times, meaning that almost all the Gauss jacobi present in the cell, if you take it two times, 

then it comes in the Gauss seidel. But it depends on what is its largest eigenvalue. 

Now see, the largest eigenvalue was 0.193 in the Gauss seidel, so its order of convergence 

increased, minus the log of that. Right? And like I had 0.37, then 0.97 came there. So if we 

take any such matrix, if we take the system, its corresponding Gauss jacobi and Gauss seidel 

convergence matrix, iterative matrix that we can write, can check there eigenvalues. So, they  

converge than definitely it will be less than one—if it is diverging, then you will see that it is 

greater than one. So, we can do it in this way. 

So, what does this mean? That whatever we did in theory, we have seen it practically with 

Python that it is happening like this. If the matrix is not convergent—meaning it is not 

diagonal dominant—then this is happening in this case. So, if we compare what will happen 

to both the methods, then in comparison, we can say that Bhaiya Gauss Jacobi also using only 

old values on iteration, Gauss Seidel updates value immediately, and this Gauss Seidel 

converges faster and has double rate. As I have written, double rate is of convergence as 

compared to the Jacobi. 
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So, it will always be double if our matrix is diagonally dominant. Then, after that, we will see 

what are the eigenvalues coming, and we will solve it from there. So, this work we have 

done—this Gauss Jacobi and Gauss Seidel—is done. Now, if you see what is happening in 

this case, which values—one is telling us diagonal dominance and, secondly, we need 

spectral radius in this. So, spectral radius means now what we have to do is we have to find 

the eigenvalues, and the eigenvalue is also spectral radius is largest eigenvalue. 



So, now what we have to do—we have to find the eigenvalue, but we have to find the largest 

eigenvalue. So, it means we will discuss a method which will give the largest eigenvalue. The 

name is power method. So, what is power method? So, what is this power method? Power 

method and inverse power method are iterative techniques for finding eigenvalues and 

eigenvectors. So, this gives us eigenvalues and eigenvectors. Power method is useful for large 

matrices where direct computation is impractical. 
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That is our main work. We are doing computationally. So, basically, we have to solve large 

matrices. Our main purpose is that—how can we solve our large matrices? Now, what is this? 

We use it to find dominant initial value. See, dominant largest magnitude means we are going 

towards the spectrum radius. And what is this? Iteratively applies matrix multiplication. This 

work that we are doing will require two operations. One operation will be normalization. We 

say that the largest value of the vector should be one, and it cannot be larger than that. And 

the matrix multiplication will be used in this, so we call it power method. Now, let's see what 

is power method. So, what happens in power method is iterative method. First, we will give 

initial vector, and we will normalize that vector. Then, we will put it in iteration and put new 

value, and we will repeat this. The value of x k+1will come, and we will normalize that too. 

So, we will keep repeating like this, and until we get its value, it will converge. If the matrix 

is dominant eigenvalue—so, if the eigenvalues are separated and different—then the method 

we will see in it will work very well. 
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And the rate of conversion depends on the ratio, that is, the ratio between the largest 

eigenvalue and the next eigenvalue. And what is it? If the ratio is very high and the distance 

between them is very high, then the convergence will be faster. If the eigenvalues are very 

close, then their value will be—the rate of convergence will be very less. So now, we will see 

how the power method will be used. Now, we have found the largest initial value. 

Now, if someone asks us to give them the smallest eigenvalue, then what do we do for the 

smallest eigenvalue? The inverse power method is that we know that the eigenvalue of matrix 

A is something like this: λ1, λ2, λ3 and suppose 3 by 3 matrix, its eigenvalues are these. 
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So if we have A inverse, then its eigenvalues will be 1 by λ1, 1 by λ2, and 1 by λ3. Okay. So 

its eigenvalues get reciprocal in this manner. So if we want to find the smallest eigenvalue 

then we apply power method on A inverse. So its largest eigenvalue will be smallest 

eigenvalue of A. This is called inverse Power method. Inverse power method can be written 



in one another different way, Shifted inverse power method. So, we found the largest and also 

found the lowest one. Now, if someone tells us that the matrix is A and suppose it is 4 cross 4, 

then its four eigenvalues are λ1, λ2, λ3, λ4. We applied the power method, so from here we 

have this—suppose largest. I write it like this. I found it out from the inverse. So, we have 

two. Now, if someone tells us to find out λ2 and  λ3 as well, how do you find it? We call it—

how we can find out the eigenvalue. For that, we use shifted inverse power. 

So, what is shift? Suppose we have to reach λ2. So, what will we do with our matrix? We 

don't know what are λ2 and λ3. We don't know anything. We just found out that our 

eigenvalue is between λ1 and λn. Suppose this was the largest and this was the smallest. So, 

our eigenvalue will come somewhere in between these. So, what do we do? We choose a 

random number. That is, I will call that mu. Let me write it, A minus mu. So, A minus mu I. 

So, we know that if A minus mu i, then its eigenvalues are also the same as that of one, and 

the values will just be shifted, mu, and the eigenvectors will be the same. So, we will write it 

like this, okay? 

So, it will become λ minus mu x. So, this is what we have to do. So, let's see how to do it. 

The first thing is that we try to understand a little bit about how the power method works. So, 

see, what do we have to do in the power method? We have to find out the largest eigenvalue 

first. Then, after that, we will use that and find out the smallest. So, let's see. Let's first see 

how the power method will work. 

So, what is in the power method? Let's assume that there is a matrix. We have A, n cross n 

matrix, okay? And this matrix has n eigenvalues, and it can be repeated as well. But we 

assume that a is an eigenvalue, and suppose we write the eigenvalue like this: λ1, λ2, λ3 like 

this, okay? So, we assume that we have written the eigenvalue like this. We can write the 

values in such an order that if this is the eigenvalues of A, then we will get n eigenvalues. So, 

what is happening here? What is our procedure to do now? 

So, we are assuming that our matrix is A. Let the matrix be A, and n cross n has n linear 

independent eigenvectors. So, the eigenvectors are linearly independent. Some may be 

repeated, but our eigenvectors—if we see here, if any value is getting repeated, then the 

equality sign will come. If it is getting repeated somewhere, then it is certain that we will get 

n linearly independent eigenvectors. This means that the matrix is diagonalizable. Basically, 

we are getting n linearly independent eigenvectors. 

So we assume this eigenvector to be the eigenvalue vector. So, v1, v2, vn all eigenvectors 

will be included. Now what do we do? Our purpose is to solve Ax = λx  and find out the λ. So 

let's name it, okay? So what do we do for this now? Let's choose a vector v that belongs to 

Rn. A solution which is x, x also belongs to Rn. We know that we have chosen a vector in Rn. 

So, we can write it as c1 v1+ c2 v2,..cn vn, because the basis will be of Rn. A. So we can 

represent it uniquely. The c1, c2, cn will be unique in this case. 

Now what do I do? If I apply A of v, it will come out to be c of v1, c2 A of v2, cn A of vn. 

Now what is vn? What is the v1? It is eigenvalue. So what does it mean? I can write it like 

this: c1 λ1 v1, plus c2 λ2 v2, cn λn. It will come out to be okay. Now what do I do? I take out 

the common λ1 from this. It becomes c1 v1 plus c2 λ2 over λ1 v2, cn λn over λ1vn we have 

it now. What do I do then? I apply it. So if you see this from A, then this will come. It will 



become the square of λ1, inside will come: sieve c1 v1, c2 λ2 over λ1 square v2. In the same 

way we applied it. We did not do much in it. We just applied it. This came, okay? 

If I go on, then I write some suppose A k v, what will that be λ1 k c1 v1 plus c2 λ2 over λ1, k 

v2, cn λn over λ1, the power of k will come to us, okay? We will keep going like this. If we 

see in this case, now see, the λ which was bigger in magnitude, okay. 
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 It can be negative or positive, but it is bigger in magnitude. So if it is bigger in magnitude, 

then if I write here, if k tends to infinity, because our iteration is increasing, then what will 

happen? 

As the iteration increases, in this case, as it is going towards infinity, then what will happen to 

this quantity? What will happen to this quantity now? If I look at λ1 the magnitude is greater 

than the magnitude of λ2, λ3, so see these quantities λ2 over λ1is less than one. Okay. Let’s 

take positive, take magnitude, now if keep taking there power they will become even more 

smaller. So, if I see and turn towards this so limit k tends to infinity if I seewhat will happen 

in this case? If k tends to infinity, then this quantity will converge to this. It will get this, 

right? All these will become very small. So for the large k, it will converge to this value, 

okay? 

So if we assume this v, then what will happen? This will give us λ1 k, because k is also 

decreasing, c1 v1 it will converge towards this.  
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If this quantity becomes very small, all these will become zero. Only this will be left with us. 

So it is going towards this, okay? Now it is going towards this. Now see, this is λ1 is a scalar 

which is an eigenvalue and this is a vector. So now we have to see how this eigenvalue will 

come out. Now this λ1 ia an eigenvalue, for sure. 

So let us see what we will do. I will try to see this. Limit k tends to infinity of A k v divided 

by A k-1 at limit k tends to , sorry, k tends to infinity we have already written. Now let's see 

its ratio. So if you see the ratio, you will see that this λ1 and this λ will cancel out. Brother, c1 

v1 and c1 v1 both will converge. So if we see where is it going? This is going towards λ1, 

okay, right? 

So it is converging to λ1. What does it mean? That the vector v A on the kth iteration, divided 

by the vector that comes out, will come out on the A k-1 of one if we divide both of them, 

okay? It will go towards λ1. 
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So what does it mean? If we adopt this process, then it will give us λ1. So what will be λ1? 

Will be our eigenvalue and corresponding to it, it will go in this way, so correspondingly, the 

vector we get will be our eigenvector, okay? 

So if we see what is happening in this, we are getting λ1 and corresponding vector, v1 we are 

getting. So we are getting both things together. So in this case now we have to check how to 

do it, okay? So what procedure do we have to adopt for this? First, what will be the 

procedure? Because we also have to normalize the vector. So what are we doing now? What 

is normalization of a vector? So suppose, what did we do? Let us create a vector from A y k. 

This. 

First we took y0, then y came, then y2 came like this. Now what do we have to do? We will 

take any vector and normalize it. So suppose my y was normalized before. I have to 

normalize the next one. So to normalize, I write suppose the normalized vector, k is 0, 1, 2 

and this. I write it. Suppose vk, then how will the normalize vector of vk be formed? How 

will it be formed?  I will divide the vector y k+1 by the largest eigenvalue. I will name it m 

k+1. This is the largest value in y k+1. I will divide it by that, okay? 

And after that, if I take the limit k tends to infinity, then what will it become? Y k+1 over v 

k+1, if suppose I take this. So, if you from here y k+1 divided by v k+1, y k is a vector and v 

k is a normalized vector. If I look at this, you will see that this is taking us towards m k+1, 

right. And that will be our λ1, eigenvalue. So this is our procedure. We will have to do. 
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For example, like let me take an example. From this, it will become a little more clear what to 

do. It is very easy. Let's take one example. Now in one example, we have taken A and took its 

value: -15, 4, 3 and 10 , -12, 6 and second third took 20, -4, 2 so it comes. Now I have to find 

its eigenvalues. I will find the largest eigenvalue. Now I have to apply the power method. 

Okay, so what will I do in the power method? 

Let me take the initial guess. So I took the initial guess. Let us start with the initial guess 

which we have. I took 1, 1, 1, which means this one one, we assumed that this is eigenvector; 

initially,  its largest eigenvalue is one. So this is normalized. Now what did I do? I calculated 

it’s a x0. So here we will put the A: -15, 4, 3, 10, -12, 6, 20, -4, 2, 1,1,1. 



Now, when I calculated this, see: minus 15 plus 7, minus 8 came. And from here, 16, minus 4 

came. And how much did it come? 22, minus 4, 18 came. This is what came. Let me take 

this. If I had not taken the x0, then it was y0. This was y0. So this is our y1. 

Now we need the v1 from y1. So what will I do? I will divide it by the largest. Okay. So what 

did I do? I divided y1. What is the largest value? 18. I divided it by 18. So just like I divided 

by 18, I also got it like this in row So this come -8 by 18, 4 by 18,  18 by 18 transpose. 

Transpose means column vector. So 18 by 18 means one, right? So I deleted it and wrote it as 

one. 

So now the quantity that we have is this. Now what did I do? Take v1. Now what will I do? 

Should I take out A of v1? Okay, right? Normalized. Now what did I do? I applied A v1. If I 

do A v1, then I will get the value. After calculating that, suppose this is what I am getting. So 

I calculated it. So I got this. Suppose 95 by 9, minus 10 by 9, minus 70 by 9. This is what we 

got. 

Now what we got is y2. Now I have to take out v2 from here. So what was v2? What was v2, 

y2 divided by the largest element? The largest element in this is 95 by 9. I divided it by this. 

We got a new vector. And this is what we got: 1, -2 by 19, -14 by 19. This vector has come. 

Okay. So now I will go on like this: v2, then v3, then v4, v5. After that, we will keep 

checking that when our values are—how do we stop it? How do we stop it? 
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So see, the values—all these values—will be almost the same after some time. Okay, they 

will be the same or the vectors that we are getting, v1, v2, v3, v4, v5—they will start having 

the same values. So if they are the same, then if we divide them, the largest value will also be 

the same. So we have to go on till then, and after that, when this happens, we will say that 

this divisor, which was the largest eigenvalue, will become our eigenvalue. And these vectors 

that are being formed, we will have the eigenvector because this is what we did. See, we will 

divide it, or we will divide the y k+1 by the v k+1. So the values that will come to us will 

keep converging towards λ1, and the corresponding vector will become eigenvector. Okay. 



So in this, if we keep doing it this way, then we will do it with the help of code. Okay. So 

now this is what we have. Now suppose someone tells us to find its smallest eigenvalue also. 

For this problem, like this, we have to find its smallest eigenvalue or we have applied the 

power method. Now what do I do? Find the smallest eigenvalue. 

So I tell him the inverse power method. It is the power method, but is applied on A inverse, 

why apply the inverse method? Because now see what is happening. We have the eigenvalue 

Ax = λx. Okay, what is λ, is its eigenvalue. We have assumed that the λ is non-zero. Okay. It 

means that the matrix A is non-singular. If it is non-singular, then all its eigenvalues will be 

non-zero. 

Now what do I do? If it is non-singular, then suppose its inverse exists. So the inverse exists. 

So I can write it like this. See, A inverse Ax= λ A inverse x where A inverse exists. We got it 

from here. If we see, what has happened is this, this has become I. I will take it here. So I 

wrote it like this: A inverse x. From this, what did we get to know, that the 1 by λ is the 

eigenvalue of A inverse, okay so the eigenvalues of λA, so 1 by λ has become eigenvalue of A 

inverse and the eigenvector remained the same in this case. 

So what did we do? If we got the largest value, now we should also get the lowest. So what 

will we do? We will use A inverse and find its largest eigenvalue. So its largest value will 

become the minimum of A. So from there, we will get the minimum value. Right? 

So in this case, we will get the minimum value. So like we got to know that its largest value 

has come and the minimum has also come, so what will we do? We have to find the value in 

between. So look, now if suppose we had a 3 by 3 matrix—A 3 cross 3—then we got λ1 the 

largest eigenvalue and λ3 the lowest eigenvalue. Suppose now we will find out. I thought that 

we need the eigenvalue somewhere in between. So what will I do now? I have taken A minus 

some number. I have taken some number in between them—mu. So I have seen what 

happened. So A minus mu I. I can write it like this: λ – mu x. Right? Just like in the matrix, 

we can do this. What is λ – mu x? It is the eigenvalue of A minus mu. 

So if any of our eigenvalues is very close to mu, then what will happen in that case? This 

value, this quantity, will become small. Or it will become small. Right? And these values—

this matrix—will become a new matrix whose eigenvalue is λ-mu. Okay? And if λ and mu 

are very close to each other, then this value will become very small. And if it is a small value, 

then if we want to find it, then what will we do? We will apply the power method on the 

inverse of A minus mu I. Okay? And by applying the power method, we will get the lowest 

eigenvalue from here. From there, it will become the largest. From that, we will subtract mu. 

So the value that is in between will also come. So we call it shifted inverse method. So this is 

the value that we can find out in this way. So now let's take an example, then we will do it 

with this. I have a code of power method. Power method, okay, this is its code. So power 

method and inverse power method.  
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So if we see any program in it, then what did we do? We did it, okay. After that, we defined a 

function called power method. In it, we need A and the initial value  x0. We need tolerance, 

okay. I put the tolerance as 0.5. I took iteration 100, okay. I copied the value of x in x0. I 

considered the old value as zero. Mostly, we go according to one one. Now what did we do? 

We have to normalize. So see what are we doing here. Whatever x comes, we will normalize 

it. Then the new one will come. We will take the difference of both, that error. So in this way, 

our method will keep on converging towards the eigenvalue. This is our inverse power 

method. What will it give us? It will give us the minimum eigenvalue, okay. So it will give us 

the minimum eigenvalue. We have to calculate this also like this. Just have to take the 

inverse. So if we have to find the inverse, then we will use the inbuilt function that we have: 

linear algebra dot inverse, okay. So this is an inbuilt library that we have. And we have to go 

till maximum iteration, and from there we will get these values. We will just call it, and we 

will get the solution. 
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So if we have any matrix, like we have taken the 2 by 2 matrix: 4, 1, 2, 3. So we have to find 

its eigenvalue, okay. So let's see. After running this, we ran it. So this is simple. So from here, 

our power method comes. So the largest eigenvalue comes, okay. 
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The smallest eigenvalue comes. So the largest eigenvalue is close to 5, and what is the lowest 

eigenvalue close to 0.1, okay. So we have found it out. Now we can do the same thing for any 

other matrix as well. So what did we do? Let's change the matrix to this. Here, what do I do? 



Let's take A of the values that we had taken. Let's take this matrix and it is diagonal dominant 

we know. Let's see that its eigenvalues. And we also have to take the initial guess. So, let's 

take this in the initial guess, 1, 1, 1. Always take normalized and always keep this in mind. 

So, after normalizing this, we ran this. We got this.  
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So, by power method, we saw that 7.45 is the largest eigenvalue. We have this convergence. 

How was the power method converging? After that, the smallest eigenvalue is 0.14285. So, 

we got the largest from this, and we got the smallest from this. 

So now we have come to know that there is a value between point 1 and 7. So, what do we do 

now? We can solve this with the help of shifted. So what we have done in shifted is that we 

shift the values by some value. So look, now the value that is coming, suppose I write 5, -1,1. 

We had 5, -1, 1. You see what needs to be done with that. 
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So this is this. So this value was 5, -1, 1. The matrix we had was 2, 8, -1, -4, 1, 10. So I will 

see how to calculate the other values. The values in the middle, we do not know what its 

value could be. It could be 7, and its value could be just a little bigger than 0.19. So we do not 

know anything. So just for the time being, I will shift it and write that this was our. Suppose I 

will write A – 4I. I will just write it. I do not know exactly what will come for 4. So this will 

come 1, -1, 1, 2, 4, -1, -4, 1, 6. This is what we have, okay. So I changed the matrix to 1, -1, 

1. So now let's see what comes out. I will make it 1, -1, 1. This one came out to be four, and 

this one came out to be six. See, this one came out. Now let's see what came out. And from 

here we got this. Now we ran it. See, the value 3.97 came out to be the largest, and this one 

came out to be the smallest 0.333 came out, okay. 
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So if I add four to it, then it would be 7.97. That was okay. I will add four to it because we 

have done minus 4, right? So if we do plus minus, then I will add four to it. So if you see, the 

value that comes out is 4.33. So it means the eigenvalue in the middle is 4.33, right, with the 

help of this one. Why? Because we have seen now that λ - 4, we got this much value.λ - 4, 

this came out. From here it came out to be 3.97 and 0.3. We would have written 3.97 and  0.3 

is there, then how much would the λ be? 4 + 3.97, 4+0.3 . This means how much is λ, okay? 

7.97 was already coming, and this 4.3 also came to us. So we got this value, right? 4.3.  
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So if you see, in that case, earlier we were getting point one. Now this that has come, so the 

value in between is left to us. Now there is no problem at all. Now I will add four, four, four 



to it. Let me go back to that. So 10 and solved it. See, this came. There is a little, actually 

iterative methods. So 7.45, 0.128, and the value in between will be 3, 4.3. So in this way, we 

can find out the eigenvalue.  
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So the resulting value in between them can also be found out by inverse power method, okay. 

So what did we do with this? All the values will be found out. 

So the remark, if we write it in power method, then what is the remark? Remark first: So it is 

efficient for dominant eigenvalue. Inverse power method is useful for smallest and targeted 

eigenvalue. Targeted means that we know that its eigenvalue is coming somewhere near it. 
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So, if it is coming somewhere near it, then we try to find it by the Inverse Power Method and 

shifted is right, right? So, faster convergence for specific eigenvalue. If we come to know that 

any eigenvalue is near it, then we can increase its convergence by applying the Shifted 

inverse Power Method. With the help of the Shifted inverse Power Method, we have already 

used this code. So, we can play with this code. We can define different, different matrices. We 

can check whether it is diagonally dominant or not. If it is not diagonally dominant, then what 

is the problem? 



So, all this work which we have done is done with the help of this code which we have 

created. And this code is available in books, and you will also find it online. So, you can 

create your own code and try it with it. 

All right, we have to take the dot product. This dot means dot product of A with respect to x. 

So, you calculate all these values. We have plotted their error. And from here, we have also 

applied its Inverse Power Method. 

So, after doing this, today we saw that the important thing for us is the spectrum radius. As 

we saw in Gauss-Seidel and Jacobi, it is quite useful. So, to find the largest Eigenvalue, we 

discussed the Power Method. We discussed the Inverse Power Method. We discussed the 

Shifted Inverse Power Method. 

So now, with the help of their Power Method, we can find out all the eigenvalues of the 

matrix. 

So, I hope you liked today's lecture and understood it. Thank you for watching this. 

 


